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19.1 BASIC DEFINITIONS

In the earlier sections a random variable X was defined as a function that maps every
outcome &; of points in the sample space S to a number X(&) on the real line R. A
random process X(t) is a mapping that assigns a time function X(z,£,) to every outcome
&; of points in the sample space S. Alternate names for random processes are stochastic
processes and time series. More formally, a random process is a time function assigned
for every outcome & € S according to some rule X(t,§),t € T, &£ € S, where T is an
index set of time. As in the case of a random variable, we suppress & and define a
random process by X(#). If the index set T is countably infinite, the random process is
called a discrete-time process and is denoted by X,,.
Referring to Fig. 19.1.1, a random process has the following interpretations:

1. X(&,1)) is random variable for a fixed time #,.

2. X(&;,1) is a sample realization for any point &; in the sample space S.

3. X(&;,1p) is a number.

4. X(&,1) is a collection or ensemble of realizations and is called a random process.

An important point to emphasize is that a random process is a finite or an infinite ensemble
of time functions and is not a single time function.

Example 19.1.1 A fair coin is tossed. If heads come up, a sine wave x;(¢) = sin(5w¢) is
sent. If tails come up, then a ramp x,(¢) = ¢ is sent. The resulting random process X(¢) is an
ensemble of two realizations, a sine wave and a ramp, and is shown in Fig. 19.1.2. The
sample space S is discrete.

Example 19.1.2 In this example a sine wave is in the form X(¢) = A sin(wt + ®), where
® is a random variable uniformly distributed in the interval (0, 27r). Here the sample space
is continuous, and the sequence of sine functions is shown in Fig. 19.1.3.
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Distribution and Density Functions. Since a random process is a random variable for
any fixed time ¢, we can define a probability distribution and density functions as

Fx(x; 1) = P&, t: X(& 1) < x) for a fixed ¢ (19.1.1)

and

a9 o Fx(o4+Axs 1) — Fx(x; 1)
SO t) = axe(x, 1 = Al):go .

= Jim P(r < X(1) < x+Ax) (19.1.2)

These are also called first-order distribution and density functions, and in general,
they are functions of time.

Means and Variances. Analogous to random variables, we can define the mean of a
random process as

00

(1) = E[X(0)] = J i Ddx (19.1.3)

—00

and the variance as

o (1) = E[X(1) — my (O = E[XX(1)] — ni(0)
00 (19.1.4)
— J v — g OF fis; Dl

where

00

E[X*(1)] = J X2 fx(x; t)dx (19.1.5)

Since the density is a function of time, the means and variances of random pro-
cesses are also functions of time.

Example 19.1.3 We shall now find the distribution and density functions along with the
mean and variance for the random process of Example 19.1.1 for times t = 0, % %:
=0, x1(0)=0, x(0)=0

At t =0 the mapping diagram from the sample space to the real line is shown in
Fig. 19.1.4a along with the corresponding distribution and density functions.

The mean value is given by wy(0) = 0; %—G—O-%: 0. The variance is given by
0%(0)= (0 -0+ 0-071=0:

o1 N, n_1
—2 M2) T 2) T2

At t:% the mapping diagram from the sample space to the real line is shown in
Fig. 19.1.4b along with the corresponding distribution and density functions.

The mean value is given by uy(}) =3-3+1-1=3=0.75.
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The variance is given by % (1) = (3 — %)2% +(1- %)2% =1

N AT I\_ T
~10° "\10) 7" *\10) T 10

Att = 110 the mapping diagram from the sample space to the real line is shown in
Fig. 19.1.4c along with the corresponding distribution and density functions.

The mean value is given by wy(5) = 75 1
The variance is given by 0% (%) = (& + %)2% +(-1+3) 1= =0.7225.

Example 19.1.4 A random process, given by X(¢) = A sin(wt), is shown in Fig. 19.1.5,
where A is a random variable uniformly distributed in the interval (0,1].



410 Random Processes

I T T T
X(1) =4 sin(er)
X
0.5 - a= sin{@f) |
sin{mi) =0
i = 2
0 = sin(@n) =0 FTC
@ sin(er) < 0
0.5 — 4
-1 1 ] ] !
0 0.2 0.4 0.6 0.8 1
FIGURE 19.1.5
The density and distribution functions of A are
0, a<0
1, 0<ac<x<l ’ -
= ’ - = S < <
Jat@) [0, otherwise Fa(a) a, 0<a=l
1, a>1

We have to find the distribution function Fx(x; t). For any given ¢, x = asin(wt) is an
equation to a straight line with slope sin(wt), and hence we can use the results of Examples
12.2.1 and 12.2.2 to solve for Fx(x; t). The cases of sin(wt) > 0 and sin(wt) < 0 are shown
in Fig. 19.1.6.

Case I: sin(wt) > 0. There are no points of intersection on the a axis for x < 0, and
hence Fyx(x;t) =0. For 0 <x < sin(wt) we solve x = asin(wt) and obtain
a = x/[sin(wt)]. The region I, for which a sin(w?) < xis given by I, = {0 < a <

.. 0 a
_fc__________-’f_=__6{_5_1}1_(_ff3[{)______ " x=a sin{wt)
sin(@?)  sin(ef)>0 ’ sin(@?) <0

x=0 x<0
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a il
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FIGURE 19.1.6
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x/[sin(w?)]} (Fig. 19.1.6). Thus

X X *
Fx ) =Fa (Sin(wt)) ~ RO =P <Sin(‘”t)> B sin(wr)

Finally for x > sin(wf), the region [, for which asin(wt) <x, is given by
I,=1{0 <a <1} and Fx(x;t) = 1. Thus, for sin(wz) > 0, we have

0, x<0
X
Fx(x; 1) sin(w?) x < sin(wt)
1, x > sin(wt)

Case 2: sin(wt) < 0. The region I, for which x > 0 is givenby I, = {0 < a < 1}, and
hence Fy(x;t) = 1. For —|sin(w?)| < x < 0, we solve x = —a|sin(w?)| and obtain
a = [x/(— | sin(w?)])]. The region I, for which —a |sin(w?)| < x is given by

X
[a ={— < <1
mem|a—}
(Fig. 19.1.6). Thus,

X

X
ﬂmnzmm—ﬂcmaaﬂ ' inen]

Finally, for x < —[sin(w?)|, the region I, for which —a |sin(w?)| < x is given by
I,={1 <a < o} and Fx(x;t) = 0. Thus, for sin(wt) < 0, we have

0, x < —|sin(w?)|
X

Fx(x; 1) = —|sin(wt)] <x <0

1_7?
—| sin(w?)|
1, x>0

Case 3: sin(wt) = 0. The region 1, for which x > 0 is given by I, = {0 < a < 1} and
Fx(x;t) =1.Forx <0, I, = & and Fx(x;t) = 0. Thus, for sin(wt) = 0, we have

0, x<0

FX(X;t):[l x>0

Example 19.1.5 We shall now find the distribution and density functions along with the
mean and variance for the random process of Example 19.1.2 and see how this process
differs from the previous ones.

We are given that X(z) = A sin(wt + ®), where A is a constant and fp(dp) = 1/27 in

the interval (0, 2) and we have to find fx(x; ). We will solve this problem by (1) finding
the distribution Fyx(x;f) and differentiating it, and (2) by direct determination of the
density function.

1. Determination of Distribution Function Fx(x; t). The distribution function for ®
is given by Fg(d) =(db/2m),0 < b <2mw. The two solutions for x =A
sin(wt + ¢) are obtained from the two equations:

sin(wt + b)) = % and sin(m — ot — b,) :%
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Hence the solutions are given by

b, = sin_l(g) —ot and ¢, =7 — sin_l(g)

and are shown in Fig. 19.1.7.

For x < —A, there are no points of intersection and hence Fx(x; ) = 0. For
—A < x <A, the set of points along the ¢ axis such that A sin(wf+ ¢) < x is
(0, d1] U (b, 2. Hence Fx(x; £) is given by

Fx(x;1) = Fo(d)) — Fo(0) + Fo(2m) — Fo(d,)

1
=L i (5) - 01— 0+ 2 [ —sin ! () — ]
1 X 1 X 1
2 (_) }:_'—1<_) S A<x<A
27‘_{ sin™ 1 —+ Tl_sm 1 —|—2 x <
Finally, for x > A, the entire curve A sin(w? + ¢) is below x, and Fx(x;t) = 1.
2. Determination of Density Function fx(x; t)
(a) The two solutions to x = A sin(w? + ¢) have been found earlier.
(b) The absolute derivatives |0x/dd||g, and |dx/dd|l4, are given by

g_j; . = Acos(wt + d;) = ACOS[‘”t +sin”! (%) N wt]
. COS[Sin—l (%)] A— ¥ a2
and
3_:; . = Acos(ot + d,) = ‘A COS[‘M +m = sin”! (%) B wt]‘
~ [Acos[n - sin_1<%>]‘ A— S v
A

2m— @t

ot
g |
\_:
¢
—A 1 |
) 0 w2 T 3n2 2n

FIGURE 19.1.7
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(c) With the two solutions for x, the density function fx(x;t) is given by
Eq. (12.3.6):

1 1 1 1
—_— |t — | =, —A<x<A
VA? — X2 <2"T+27T) VA — X2 t=

Integration of fx(x;t) gives the distribution function Fy(x;t)

BEHE

0, x<-A
1 1
Fx(x: ) = _sm-l(g) +5. —A<x=A
e
1, x> A

and these two solutions are exactly the same as before. For this random
process, we find that the density and the distribution functions are both
independent of time. For A = 1, they become

1
) =—, —-1<x<1
Jx /1 —x2
0, x< -1
.1
Fron= |30 10 ooy
0 2
1, x> 1

and these functions are shown in Fig. 19.1.8. Since fx(x) has even symmetry,
the mean value is 0 and the variance is obtained from

2 ! x? 1
Oy = —  dx=-—
X J—l /1 —x2 2

The value of ¢ = +1/+/2 is also shown in Fig. 19.1.8.

Later we will discuss random processes whose density and distribution functions are
independent of time.

0.6

0.4

0.2

FIGURE 19.1.8
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Higher-Order Distribution Functions

If t; and t, are different times, then X; = X(#;) and X, = X(¢,) are two different
random variables as shown in Fig. 19.1.9.
A second-order distribution function Fx(x;, x»; t1, 1) for X; and X, can be defined as

Fx(x1,x2; t1,1) = PIX(t)) < x1, X(t2) < x2] (19.1.6)

and the second-order density function fx(x, x2; 1, ;) as

2

Sx(Gxi, x5 t,0) = Fx(x1,x25 t,12) (19.1.7)

8x13x2
Similarly, if #,...,t, are different times, then an nth-order distribution function is
defined as

Fx(xi,...,%05 t1, ..., ) = PIX(1) < x1,...,X(8,) < x,] (19.1.8)

and the nth-order density function as

/1

fx(xl,...,xn;2‘1,...,1‘,,):78 Fx(xi,....xt,..., 1) (19.1.9)
X1 - - - X,

A random variable is completely defined if its distribution function is known.
Similarly, a random process X(r) is completely defined if its nth-order distribution is
known for all n. Since this is not feasible for all n, a random process in general cannot
be completely defined. Hence, we usually restrict the definition to second-order distri-
bution function, in which case it is called a second-order process.

In a similar manner, we can define a joint distribution between two different random
processes X(¢) and Y(¢) (Fig. 19.1.10) as given below, where the joint second-order distri-
bution function Fxy(x1,y,; t1,%) for X(#;) and Y(¢,) is defined by

Fxy(x1,y2; 11, 1) = P[X(t1) < x1, Y(52) < 2] (19.1.10)

and the joint density function fxy(x1,ys; t1,f2) as

2

ox1 dyz

Sxr(xi,y2; t1,0) = Fxy(x1,y2; t1,12) (19.1.11)

X

FIGURE 19.1.9
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FIGURE 19.1.10

The joint nth-order distribution function Fyy(xy,y2; 1, ) for X(¢) and Y(¢) is defined by

Fxy(X1, .. 0% i Y15 Yns Ho e o ln)
=P[X(t)) < x1,...,X(t) <x,: Y (1) < y1,...,Y(t,) < yil (19.1.12)

and the corresponding nth-order density function, by

fXY(Xl,---,an}mu-,yn; tl,u-,tn)

82n
= F T DR I ST 19.1.13
B B, Byr - 3y, xy (X1 Xn )1 Yus B ) ( )

Second Order Moments

In Egs. (19.1.3) and (19.1.4) defined mean and variance for a random process. The
second moment of a random process has also been defined in Eq. (19.1.5). Since X(#)
and X(#,) are random variables, various types of joint moments can be defined.

Autocorrelation. The autocorrelation function (AC) Rx(t;,t,) is defined as the
expected value of the product X(#;) and X(#,):

00

Rx(fl,fz)IE[X(fl)X(fz)]:J J s f e s )dxy dva (19.1.14)

—00

By substituting t; = t, = ¢ in Eq. (19.1.14), we can obtain the second moment or
the average power of the random process:

Rx(f) = E[X*(1)] = r Xfx(x; dx (19.1.15)

Autocovariance. The autocovariance function (ACF) Cx(ty,t,) is defined as the
covariance between X(¢,) and X(,):

Cx(t1, ) = E[(X(#1) — px(t))(X(12) — px(£2))]

= J J (rr — px (1)) (x2 — oy (1)) fx (x 1, X25 11, 12)dxy dx

—00

= E[X(11)X(12)] — px(t1) ey (12) (19.1.16)
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Thus, from Egs. (19.1.15) and (19.1.16) the interrelationships between AC and
ACF are

Cx(t1,12) = Rx(t1,12) — py(t)py(t2)

(19.1.17)
Rx(t1,12) = Cx(t1,12) + oy (t1) py(t2)

Normalized Autocovariance. The normalized autocovariance function (NACF)
px(t1, 12) is the ACF normalized by the variance and is defined by

Cx(ti,n)  Cx(t, 1) (19.1.18)

) @) oxttox()

The NACEF finds wide applicability in many problems in random processes, particu-
larly in time-series analysis.

The following definitions pertain to two different random processes X(¢) and Y(7):

Cross-Correlation. The cross-correlation function (CC) Ryy(ty, 1) is defined as the
expected value of the product X(#;) and Y (2,):

o0

Ryy(t1, 1) = E[X(1))Y ()] = J J x1y2fxy(x1, 25 ti, to)dy, dx; - (19.1.19)

—00

By substituting t; =1, =t in Eq. (19.1.19), we can obtain the joint moment
between the random processes X(#) and Y(z) as

ny(w:E[X(r)Y(r)]:J J 2 fr(e,y: Ddydx (19.1.20)

Cross-Covariance. The cross-covariance function (CCF) Cxy(t1, t,) is defined as the
covariance between X(¢;) and Y(,):

Cxy(t1, 1) = E[(X(t1) — py(t))(Y (t2) — py(22))]
= J J (1 — px(tD)) (V2 — Ry (22)) fxr(x1,y2; 11, 22)dy2 dxy

= E[X(t1)Y(12)] — px (1) py(2) (19.1.21)

Thus, from Egs. (19.1.19) and (19.1.21) the interrelationships between CC and
CCF are

Cxy(t1,12) = Rxy(t1, ) — ux(t)y(t2)

(19.1.22)
Rxy(t1,12) = Cxy (11, 12) + py (1) iy (22)

Normalized Cross-Covariance. The normalized cross-covariance function (NCCF)
pxy(t1, 1) is the CCF normalized by the variances and is defined by

Cxr(ti,1)  Cxy(ti, 1) (19.1.23)

pxy(f1,12) = o2 (1)o1) ~ ox(t)oy(t)

Some Properties of X(t) and Y(t)
Two random processes X(#) and Y(¢) are independent if for all ¢, and 1,

Fxy(x,y; t1, ) = Fx(x; t))Fy(y; 1) (19.1.24)
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They are uncorrelated if
Cxy(t1,12) = Rxy(t, 12) — px(t1)py(12) = 0
or
Rxy(t1, 1) = py(t))py(tz) for all #; and 1, (19.1.25)
They are orthogonal if for all ¢, and 1,
Rxy(t1,1) =0 (19.1.26)
Example 19.1.6 This example is slightly different from Example 19.1.4. A random
process X(¢) is given by X(¢) = A sin(wt + ¢) as shown in Fig. 19.1.11, where A is a uni-

formly distributed random variable with mean w4 and variance oﬁ. We will find the mean,
variance, autocorrelation, autocovariance, and normalized autocovariance of X(z).

Mean:
E[X(t)] = px(t) = E[Asin(wt + $)] = pu, sin(ot + b)
Variance:

var[X(1)] = o%(t) = E[A? sin® (ot + b)] — w3 sin? (of + )
= [E[A?] — p2} sin® (o + ) = o3 sin? (of + )

Autocorrelation. From Eq. (19.1.14) we have
Rx(11,12) = E[X(1)X(12)] = E[A]sin(wt) + ¢) sin(orz + )

= SENeoslott — )] — cosfotn + 1) + 26])

X =Asin(wt+¢)

t

—A | I
0 2 T 3m2 2

FIGURE 19.1.11
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Autocovariance. From Eq. (19.1.16) we have
Cx(t1, 1) = Rx(t1, 12) — py(t)py(t2)
= E[A%]sin(wt; + &) sin(wty + d) — p2 sin(wt; 4 b) sin(wt, + b)
= o2 sin(wt; + ) sin(wty + )
1
=5 a{cos[o(t — )] - coslw(tr + 1) + 2]}

Normalized Autocovariance. From Eq. (19.1.18) we have

Cx(t1,1) o sin(wt; + §)sin(wtr + ) |

px(t1, 1) = ox(t)ox(t) a3 sin(ot; + &) sin(wt, + ¢) B

Example 19.1.7 A random process X(#) with k changes in a time interval ¢, and its prob-
ability mass function is given by p(k; \) = e M[(\t)*/k!]. It is also known that the joint
probability P{k, changes in ¢, k, changes in ?,} is given by

P{k; changes in t;, k, changes in 7, }
= P{k; changes in t{, (k; — k) changes in (, — #)}
= P{k, changes in f; }P{(k, — ki) changes in (t;, — 1)}
o Ay DM — )
kl! (kz — kl)!

We have to find the mean, variance, autocorrelation, autocovariance, and normalized auto-
covariance of X(7):

Mean:
E[X(0] = px(1) = kZ(;ke“% =\
Variance:
© k
varpx (] = 30 = Y Re M B =

k=0
Autocorrelation. From Eq. (19.1.18) we have
Ry (11, 12) = E[X(11)X(12)] = E{X(11)[X(r2) — X(t1) + X (11)]}
= E[X*(1)] + E[X(t)]E[X(t2) — X(#,)] (from condition given)
=)+ My + AN — 1)
=Nt + Ny if b > 1
and we have a similar result if 7; > t,:

Rx(t1,1n) = )\ztltz +AN, if H >0
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Combining these two results, we have
Rx(t1, 1) = N>t1t, + N min (71, 1)
Autocovariance. From Eq. (19.1.19) we have

Cx(t1, 1) = Rx(t1, 1) — px(t)x(f2)

= 7\21‘11‘2 + Amin (¢, 1) — )\zlltz = \Amin (¢{, 1)

Normalized Autocovariance. From Eq. (19.1.18) we have
(1) Cx(11,12) min (¢,) 1 . (\/E \/5)
py(t1, ) = = =—min{  /—, [=
LT ox(ox(n) NSV A h V1

Example 19.1.8 Two random processes X(¢) and Y(¢) are given by
X(t) = Asin(wf + ¢));  Y(r) = Bsin(wt + ¢,)

419

where A and B are two random variables with parameters E[A] = w4, E[B] = g,

2

var[A] = 0%, var[B] = o, cov[AB] = o,p, and correlation coefficient p,p = oap/
(oc40). We have to find the means and variances of X(¢) and Y(¢) and their cross-
correlation, cross-covariance, and normalized cross-covariance. The means and variances

can be obtained directly from Example 19.1.5.

Means:

Ry (D) = E[A sin(or + )] = py sin(wr + ;)
wy(®) = E[Bcos(wf + b,)] = g cos(wt + ¢,)

Variances:
o%() = o} sin® (ot + ;)
03(1) = 0 cos” (ot + b,)
Cross-Correlation:

Ryy(t1.12) = E[X(1)Y(1)] = E[AB] sin(wt; + ;) cos(wr, + b,)

2

Cross-Covariance:

Cxy(t1,1) = Rxy(t1,12) — px (1) ey (t2)

— LEMAB](sino(t + 1) + by + da] + sinfoty — 1) + by — b))

= E[AB]sin(wt; + &) cos(wtr + dy) — oy pug sin(wty + ¢ ) cos(wty + ¢,)

=aapsin(wt; + ;) cos(wtz +¢,)

1 . .
:EUAB{Sm[U)(tl +1)+ by + byl +sinfw(t) —12) + by — b, ]}
Normalized Cross-Covariance:

Cxr(ti, o) _ oupsin(ot + dj)cos(wn +dy) _ oap _
ox(t))ay(t) oaopsin(wt; + ¢;)cos(wty +b,)  oa0p

pxy(t, 1) =

= PasB
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19.2 STATIONARY RANDOM PROCESSES

The distribution functions of all the random processes except that in Example 19.1.4 were
dependent on time. However, many of the random processes such as Example 19.1.4 have
the important property that their statistics do not change with time, which is an important
step toward obtaining the statistics from a single sample function. The statistics in the time
interval (¢, t;) is the same as in the time interval (¢; + T, , + 7). In other words, the prob-
abilities of the samples of a random process X(¢) at times #q,...,#, will not differ from
those at times #; +,...,¢,+ 7. This means that the joint distribution function of
X(ty),...,X(t,) is the same as X(¢t; +7),...,X(t, + ), or

Fx(p,...oxt,. . 0t) = Fx(q, .., x0 47,000 8,4+ T) (19.2.1)
and the corresponding density function may be written as
fx(xl, R e ST :fx(xl, X AT, L+ T) (19.2.2)

Random processes with the property of Eq. (19.2.1) or (19.2.2) are called nth-order
stationary processes. A strict-sense or strongly stationary process is a random process
that satisfies Eqgs. (19.2.1) and (19.2.2) for all n. Analogously, we can also define lower
orders of stationarity.

A random process is first-order stationary if

Fx(x; 1) = Fx(x; t + 1) = Fx(x)

(19.2.3)
Sx(e ) =fx(x t + 1) = fx(x)

and the distribution and density functions are independent of time. The random process in
Examples 19.1.2 and 19.1.5 is an example of a first-order stationary process.
A random process is second-order stationary if

Fx(xi,x05 t1,10) = Fx(x1,x2; t1 + 7, t2 +7) = Fx(x1,x2; T)

(19.2.4)
Sx@er,xo; t, ) = fx(X, x5 1 + 7, 1 + 1) = fx(xg, 22 7)

The distribution and density functions are dependent not on two time instants ¢, and 7, but
on the time difference T = t;—1, only. Second-order stationary processes are also called
wide-sense stationary or weakly stationary. Hereafter, stationary means wide-sense
stationary, and strict-sense stationary will be specifically mentioned.

In a similar manner, two processes X(#) and Y(¢) are jointly stationary if for all n

Fxy(X1, .o s X Yoo 5V o oo s ly)
=Fxy(X1, ... %3 Yo Y L+ T, +T) (19.2.5)

or

fXY(xh' Xy Y1s oo o5 Yns t19~~ atn)
=fxyGn, X0 YooY T+ T) (19.2.6)

and they are jointly wide-sense stationary if

Fxy(x1,y2; t1,12)
= Fxy(x1,y2; t1 + 7, +7) = Fxy(x1,y2; T) (19.2.7)
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and the joint density function
Sxy(en,y25 t, 1) = fxy(x,y2; t1 + 7, t2 + 7) = fxy(x1, y25 7) (19.2.8)

nth-order stationarity implies lower-order stationarities. Strict-sense stationarity implies
wide-sense stationarity.

Similar to Egs. (19.1.24)—(19.1.26), we can enumerate the following properties
for stationary random processes X(¢) and Y(¢). Two random processes X(¢) and Y(¢) are
independent if for all x and y

Fxy(x,y) = Fx(x)Fy(y) (19.2.9)
They are uncorrelated if for all

Cxy(T) = Rxy(7) — pxoy =0
or

Rxy(T) = pypy (19.2.10)
They are orthogonal if for all T

Ryy(t) =0 (19.2.11)

Moments of Continuous-Time Stationary Processes

We can now define the various moments for a stationary random process X(¢).

Mean:
EX®] =py = Joo xf(x)dx (19.2.12)
Variance:
Emmmﬁzﬁzru—mWWMﬂWm—@ (19.2.13)
Autocorrelation:
Rx(t) =EX®OX(t+1)] = J°° J°° x1x2 f(x1, %25 T)dx) dxa (19.2.14)
Autocovariance:

Cx(7) = E{[X(0) — uyJ[X(t +7) — py]}
= J: J: (1 — Py) (02 — Py ) f(x1, %23 Tdx) dxy (19.2.15)
= Rx() — py
Normalized Autocovariance (NACF):

px(T) = C(’f) (19.2.16)

X
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White-Noise Process
A zero mean stationary random process X(¢) whose autocovariance or autocorrelation
is given by
Cx(T) = Rx(7) = 033(T) (19.2.17)

where &(7) is the Dirac delta function, is called a white-noise process. The energy of a

white-noise process is infinite since Cx(0) =Rx(0) = E[Xz(t)] = o0, Hence it is an ideal-

ization. White-noise processes find extensive use in modeling communication systems.
The cross-moments of two jointly stationary processes X(¢) and Y(¢) are defined below:

Cross-Correlation:

00

Ryy(t) = E[X()Y(t +7)] = J J x1y2f(x1, y23 T)dys dx, (19.2.18)

—00

Cross-Covariance:

Cxy(T) = E{[X(1) — px][Y(t + 1) — pyl}
= J J (1 — ) (2 — W) f(x1,¥2; Tdy2 dxy

= Ryy(T) — piylby (19.2.19)

Normalized Cross-Covariance:

Pxy(T) = " (19.2.20)

A stationary random process X(¢) is passed through a linear system with impulse
response h(t). The input—output relationship will be given by the convolution integral:

Y(r) = J“‘ X — o)h(o)do = r’ X(t)h(t — o)do (19.2.21)
The cross-correlation function Ryy(T) between the input and the output can be found as
follows:
EX®Y(+ 1] = EJOO XX+ 7 — oh(a)da (19.2.22)
or
Rxy(7) = Joo Rx (1 — a)h(a)do (19.2.23)

Since the cross-correlation function depends only on 7, the output Y(r) will also be a
stationary random process.

Properties of Correlation Functions of Stationary Processes

Autocorrelation Functions
1. Rx(0) = E[X*(1)] = average power > 0

2. Rx(t) = Rx(—1). Or, Rx(7) is an even function.

Rx(1) = EX(OX(t + 7)] = E[X(t + T)X(®)] = Rx(—7) (19.2.24)
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3. |Rx(7)| < Rx(0). Or, the maximum value of |Rx(7)| occurs at T = 0 and |Rx(T)|
for any T cannot exceed the value Rx(0). From

EIX(1) + X(t+ D] > 0
we have
EX*(O]+ E[X*(t +7)] £ 2E[X(®)X(t +7)] > 0
or
Rx(0) > |Rx(7)| (19.2.25)
4. If a constant T > 0 exists such that Rx (7)) = Rx(0), then the Rx(7) is periodic and

X(t) is called a periodic stationary process. From Schwartz’ inequality
[Eq. (14.5.13)] we have

(E[gCORON < E[g*XERX)]
Substituting g(X) = X(¢) and h(X) = [X(t+ 7+ T) — X(t + 7)], we can write

(EIXO[X(t +7+T) — Xt + D]} < EIX*OIEX(t +7+T) — Xt + DI

or

{Rx(T + T) — Rx(1)}? < 2Rx(0)[Rx(0) — Rx(T)]

Hence, if Rx(T) = Rx(0), then, since {Rx(t+T)— Rx(*r)}2 > 0, the result
Rx (T + T) = Rx(7) follows.

5. E[X(t + $)X(t + T+ &) = Rx(7) = E[X(DX(t + 7)]
E[X(t + &)Yt + T+ &) = Ryy(1) = EX(OY(t + 7))

In the formulation of correlation functions the phase information is lost.

6. If E[X(?)] = px and Y(¢) = a + X(¢), where a is constant, then E[Y(t)] = a + px
and,

Ry(7) = E{[a + X(O][a + X(t + 7)]}
= a*> + aE[X(t + 7)] + aE[X(1)] + E[X()X(t + T)]
= a® + 2apy + Rx(1) = a® + 2apy + p2 + Cx(7)
= (a+ py)* + Cx(T) (19.2.26)

If E[X(?)] = 0, then E[Y(?)] = a, and we can obtain the mean value of Y(¢) from a
knowledge of its autocorrelation function Ry(T).

Cross-Correlation Functions
7. Rxy(T) = Ryx(—T): This is not an even function. (19.2.27)
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The result follows from the definition of cross-correlation:

Ryy(1) = E[IX()Y (1 + 7)] = E[Y(t + 1)X()] = Ryx(—=7)  but  Ryxy(0) = Ryx(0)

(19.2.28)
8. R%,(1) < Rx(0)Ry(0): This result follows from Schwartz’ inequality:
{EX(0Y(@+ D)) < EXCOIE[Y (1 +7)]
9. 2|Rxy(7)| < Rx(0) + Ry(0): The result follows from
E[X(1) + Y(t + T = Rx(0) + Ry(0) & 2Rxy(1) > 0 (19.2.29)
10. If Z(r) = X(¢) + Y(¢), then
Rz(t) = E[ZWO)Zt+ 7] =E{X() + YOI Xt +7)+ Y+ 1)]}
= Rx(T) + Ry(T) + Rxy(T) + Ryx(T) (19.2.30)

and if X(¢) and Y(¢) are orthogonal, then Rz(T) = Rx(T) + Ry(T).

11. If X(7) is the derivative of X(¢), then the cross-correlation between X(r) and
X() is

dRx(T)

RXX (T) = dt

(19.2.31a)

This result can b§: shown from the formal definition of the derivative of X(¢).
Substituting for X = lim,_,o{[X(t + &) — X(¢)]/e}, we obtain

Ry (1) = EIX(O)X(t + 7)]

_ 1in(1)E{X(t)|:X(t +1+8)— X+ ’T)i|}

€

= limE{

e—0

X(OX(t +74¢8) — XOX(t + T)}
e

. Rx(1+e)—Rx(t) dRx(1)
= lim =
e—0 € dt

12. The autocorrelation of X(7) is

Ry(1) = — (19.2.31b)
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This result can be shown following a procedure similar to that described as in (11)
above:

Ry (1) = EIX(DX(1 4 )]

— lim E|:X(t) Xi+rte) - X0+ T)}

e—0 €

. [(X(t+8) —X(t)) (X(t+T+8)—X(t+T)>]
= lim lim E

3—>0e—0 d e

| X(I+S)X(I+T+88)—X(I+T)

=lim=-limE

3—>00e—0 _X(t)X(t+T+88)—X(I+’T)

1 |:Rx(T —848)—Rx(t—98) Rx(t+¢)— RX(T):|
= lim = lim _

3—>00e—0 e €

1
= lim=

5—>00

dRx(T — 9) _ dRx(7) _ dzRX(T)
dr dr | dr?

It can be shown that if a random process is wide-sense stationary, then it is necessary
and sufficient that the following two conditions be satisfied:

1. The expected value is a constant, E [X(?)] = .

2. The autocorrelation function Ry is a function of the time difference t, — #; = T and
not individual times, Rx(t1, 1) = Rx(t, — t1) = Rx(7).

We will now give several examples to establish conditions for stationarity. The first

few examples will be running examples that become progressively more difficult.

Example 19.2.1 We will revisit Example 19.1.5 and find the conditions necessary for the
random process X(¢) = A sin(wt + ®) to be stationary where A,w are constants and @ is a
random variable:

1. Mean:

b
E[X()] = AE[sin(wt + ®)] = A J sin(wt 4 ¢) fo(d)dd

One of the ways the integral will be independent of 7 is for ® to be uniformly dis-
tributed in (0,277), in which case we have

1 21 —1 2m
—J sin(wt + ¢)dd = ——cos(wt + )| =0
2w Jo 2w 0

and E[X(t)] = 0.



426  Random Processes

2. Autocorrelation:

E[X(1)X(1,)] = A%E[sin(wt; + @) sin(wt, + D)]
= A’E{cos[w(t, — 1,)] — cos[w(tr + 1) + 2D]}
= A% cos[w(t, — 1,)] — A2E{cos[w(t + 1) + 2D]}

2T
E{cos[w(t, + 1) +2P]} = ZLJ cos[w(ty + t1) + 2d] db

™ Jo

11 . 2
:gism[w(tz—i—tl)—}—Zd)]o =0

Hence, Rx(t1,1:) = A% cos[w(t, — t;)] = A? cos[w], and X(¢) is stationary if @ is
uniformly distributed in (0,27). Since Rx(T) is periodic, X(¢) is a periodic station-
ary process.

Example 19.2.2 We will modify Example 19.2.1 with both A and ® as random variables
with density functions f4(a) and f(db). We will now find the conditions under which
X(t) = A sin(wf 4+ ®) will be stationary.

1. Mean:

E[X(®)] = E[A sin(wt + ®)] = Jja sin(w? + ) faa(a, db)dd da

The first condition for the double integral to be independent of ¢ is for A and ® to be
statistically independent, in which case we have

E[A sin(wt + ®)] = J Ja sin(wt + &) fa(a) fodd da

and the second condition is for ® to be uniformly distributed in (0,21), in which
case we have (1/2m) [77 sin(w + ) dd = 0 and E[X(1)] = 0.

2. Autocorrelation:
E[X(11)X(12)] = E[A? sin(wt; + ®) sin(wt, + P)]

Since A and @ are independent, we have

E[X(1)X(12)] = E[A’]E{cos[w(t, — 11) — cos[w(t, + 1) + 2P]}
= E[A?] cos[o(ty — 11)] — E[A%JE{cos[o(tr + 1) + 2B}

and from the previous example E{cos[w(t; + t;) + 2®]} = 0. Hence, Rx(t1,1,) =
E[A?]cos[w(ty — t;)] = E[A?] cos[wT] and X(¢) is stationary if A and ® are inde-
pendent and if ® is uniformly distributed in (0,27r). Since Rx(T) is periodic, X(t)
a periodic stationary process.

Example 19.2.3 We will now examine the conditions for stationarity for X(#) = A
sin(Qt + @) when A, ) and P are all random variables with density functions f4(a),
fa(w), and fp(d) respectively.
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1. Mean:

E[X(®)] = E[A sin(Qt + ®)] = ”J asin(wt + ¢) froe(a,0,0)dd dw da

This triple integral is a difficult one to evaluate. Hence we resort to
conditional expectations by fixing the variable )} = w. Under this condition,
E[X(1)] = [E[X(1)|Q = 0] fo(w)do and from the previous example, if A and @
are independent and @& is uniformly distributed in (0,27), we have
E[X(®)|Q = »] =0, and

JE[X(t)|Q = 0] fo(w)dw = JE[A sin(wt + P)] fo(w)do =0

2. Autocorrelation:

Rx(t1,]Q = 0) = E[X(#11Q = 0)X(12|Q) = 0)]
= E[A%sin(wt; + @) sin(wt; + )]

and from the previous example
1
E[A? sin(wt; + @) sin(wt, + P)] = EE[AZ] cos[w 7]

where T = t, — t1. Hence

1
Rx(7) = JRx(ﬂQ = w)fo(w)dw = JEE[AZ] cos[oT] fo(w)dw

If Q is uniformly distributed in (0,7), then

T 27 o} 2
Ry(r) = lJ L Ea?) cosforlde = EATSNM™ _ EATT g
)y 2 2w 2

Example 19.2.4 In this example X(f) = A cos(wt) + Bsin(wt), where A and B are
random variables with density functions f4(a) and fz(b). We have to find the conditions
under which X(¢) will be stationary:

1. Mean:
E[X(1)] = E[A cos(wt) + Bsin(wt)] = cos(wt)E[A] + sin(wt)E[B]

If E[X(?)] is to be independent of ¢, then E[A] = E[B] =0, in which case
E[X()] = 0.
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2. Autocorrelation:

Rx(t1,12) = E[X(t))X(t2)] = E{[A cos(wt;)
+ B sin(wt})][A cos(wty) + B sin(wt;)]}
= E{A? cos(wt) cos(wty) + B sin(wt;) sin(wr,)

+ AB[sin(wt;) cos(wt,) + cos(wt) sin(wty)]}

= %E [A%][cos(wx(t, — 1)) + cos(w(t + 11))]

43 EIBleos(w(t, — 1) ~ cos(o(ts + )]
+ E[AB] sin(w(ts + 1))

The conditions under which this equation will be dependent only on (#, — #;) are
E[A®] = E[B?] and E[AB] = 0. In this case

Rx(t1,12) = E[A*][cos(w(tz — 11))] = E[A*][cos(w)]

We can now summarize the conditions for stationarity:
(a) E[A] =E[B]=0

(b) E[A%] = E[B’]

(c) E[AB]=0

Example 19.2.5 A die is tossed, and corresponding to the dots S = {1,2,3,4,5,6}, a
random process X(¢) is formed with the following time functions as shown in Fig. 19.2.1:

X2:)=3,X4;D=Q2—1),X6;0)=(1+1)
X(1;0)=-3,XBH=—-2—0,X05t)=—-1+1

Toss of
die

0 05 n 1 1.5 & 2 25 3

FIGURE 19.2.1
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We have to find .y (7), a}z((t), Rx(t1,12), Cx(t1, 1), and py(t;, ;) and check whether X(¥) is
stationary:

Mean:
1 6
p,X(t)zngI:X,-(t)z3—3+(2—t)—(2—t)+(1+t)—(1+t)=0

The mean value is a constant.

Variance:
(1) zlix?(t) :1-[32 +Q2 -0 4+1+07 :%[t2 —t4+7]
X 6 = ! 3 3
Autocorrelation:

1 1
Rx(t1, 1) = 5[9 +(0+m)d+)+Q—-1)2—n)= 5[14 — 1t — 1 +241]

Autocovariance. Since the mean value is zero, Cx(t1, 1) = Rx(t1, ).

Normalized Autocovariance:

o (11 12) = Cx(ti,n)  [14—10 —t +240)]
MR JCx)Cx(n) VE -t +1DE-1+7)

This process is not stationary.

Example 19.2.6 (Random Binary Wave) A sample function of a random binary wave
X(t) consisting of independent rectangular pulses p(¢), each of which is of duration 7, is
shown in Fig. 19.2.2. The height H of the pulses is a random variable with constant ampli-
tudes, which are equally likely to be +A. The time of occurrence of X(¢) after r = 0 is
another random variable Z, which is uniformly distributed in (0,7). We have to find the
mean, variance, autocorrelation, autocovariance, and the normalized autocovariance
of X(1).
The random process X(#) is given by

X()= ) Hp(t—kT - Z)

k=—o00
X(1)
Abmaeee e
aee i i aee
: e T e T >
: :
727 Z-7T| |0 L |ZT Z+T Z+2T Z+3Tt
Ry SRR o —=T ------- 3» th<Z<T RSGRRREEERY SRS
—A

FIGURE 19.2.2
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The probabilities of the random variable H are P(H = A) = % and P(H = —A) = % Since
Z is uniformly distributed in (0,7), the following probabilities can be formulated
for0<t, <L <T:

h —t
P([]<Z<t2)=2 !

t t
, P(O<Z<t,)=%, P(t2<Z<T)=1—T2

Mean. Since X(t) assumes only +A or —A with equal probability,

1 1
E[X(t)] = [2 At (—A)} -0

Variance. The variance is given by
2 2 1o 1 2 2
var[X(1)] = oy = E[X“(1)] = E-A +§ (AT | =A

Autocorrelation. Determining Rx(t1, t;) is a bit more involved. The product X(#;)X(z,)
in various intervals of time (¢,%,) can be found:

H<zZ<n<T

Here ¢, and 1, lie in adjacent pulse intervals as shown in Fig. 19.2.3. In Fig. 19.2.3a
X(1)) = —A and X(1,) = +A and X(t))X(1) = —A% In Fig. 19.2.3b X(#;) = +A and
X(t,) = +A and X(1)X(5,) = A2 The values —A? and A? will occur with equal
probability:

0<Z <t <T: In this case, t; and #, lie in the same pulse interval as shown in
Fig. 19.2.3c. Here, X(#;) = +A and X(t,) = +A and X(#))X(t,) = A2

t, < Z < T: Here also t; and 1, lie in the same pulse interval as shown in Fig. 19.2.3d.
However, X(r;) = —A and X(5,) = —A and X(#))X(r,) = A°.

(ti —t,)>T: In this case t#; and f, lie in different pulse intervals and
X(t)X(12) = +A%
We can now find the autocorrelation function Rx(t1,%) = E[X(#1)X(t,)]. For
(t; — 1) > T, X(t;) and X(z,) are in different pulse intervals and invoking the inde-
pendence of the pulses E [X(#))X(t,)] = E [X(t))]E [X(#,)] = O since E [X(¢)] = O.
For (1 — ;) < T, we have the following, using conditional expectations:

EX(1)X(n)] = E[X@DX(0)|h < Z < 0]P(h <Z < 1)
+ E[X(t)DX ()0 < Z<H]PO<Z<t)
FEX)Xt)lh < Z < TIP(ty < Z < T)

The conditional expectations can be determined using the probabilities and the pro-
ducts X(#1)X(t,) found earlier for the various intervals. Since A% and —A? occur
with equal probability in the interval t; < Z < t, < T, the first conditional expec-
tation term becomes

1 -t 1 -1t
EXt)Xt)t < Z<blP(th <Z<t) =A% —. 2L _ A2 .2 "1 _

2 T 2 T 0
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(a)
S AEEEEEEE
Z-T Z+T t
<o T-eeoeee > h<Z<nh
X(1) X(r,) = -A*
b
© . Al
Z+T t
fl <7< fg
X(1) X(1,) = A?
(c) Al-
------ e B EEE e 2
T 1] TZ+T t
PRSI S P 0<z<y
| X0 X(ey) = A7
Al i [
(d)
A :
[amaessmdfommaaay h<Z<T
Xi1)) X(1y) = A
Z-2T7] Z-T] Z+T t
mi

FIGURE 19.2.3



432  Random Processes

42 | Bx(D
T 0 T r
FIGURE 19.2.4
Hence
5] 15 h — 1
A%— L~):M@-———> Hh—t)<T
Rx(t, 1) = |: T+ T T (=) =
0, (t—t)>T

This equation was derived under the assumption #; < t,. For arbitrary values of t,
and 1, with T = (t, — 1), the autocorrelation function Rx(#;,t,) is given by

I7|
A1 -=), <T
Ry(1) = ( T>'TI

0, otherwise

The autocorrelation function for the process X(#) is shown in Fig. 19.2.4.
Autocovariance. Since the mean value is 0, Cx(T) = Rx(7).

Normalized Autocovariance. The NACF is given by

px(T) =

_Cx(T)_[l—m, Tl <T
= T
X

0, otherwise
Example 19.2.7 (Random Telegraph Wave) This example is a little different from the

previous one. A sample function of a random telegraph wave is shown in Fig. 19.2.5. The
wave assumes either of the values 1 or 0 at any instant of time.

X(t)

.ee (11}

X(1y) Xity)

FIGURE 19.2.5
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The probability of k£ changes from O to 1 in a time interval ¢ is Poisson-distributed with
probability mass function p(k; \) given by
(M)k

K ’
where A is the average number of changes per unit time. We have to find the mean,
variance, autocorrelation, autocovariance, and normalized autocovariance.

pk; N) = >0

Mean. Since X(t) assumes only 1 or 0 with equal probability, we obtain
EX®O]l=py=1-Px=1)40-Px=0) ==

Variance. The variance is given by

var[X(1)] = 0% = E[X*(1)] — py = |:; 12 +; 02] 411 411

Autocorrelation. The autocorrelation function can be given in terms of the joint
density functions with ¢, > #;:

Rx(11,1) = E[X(t) = 0- X(12) = 0] + E[X(t1) = 0 - X(12) = 1]
+ E[X(n) = 1-X(t) = 0]+ E[X(1)) = 1 - X(r) = 1]
=(0-0)P[X(11) =0-X(12) = 0] + (0.D)P[X(11) = 0 - X(12) = 1]
+(1-0)P[X(t) =1 -X(t) =01+ A.DP[X(#) =1 -X(t) =1]

or
Rx(t1,12) = P[X(t)) = 1 - X(12) = 1]
Expressing the joint probability in terms of conditional probabilities, we have
Rx(t1,12) = P[X(1y) = 1| X(11) = 1]P[X(1;) = 1]

The conditional probability in this equation is the probability of even number of
changes and using the Poisson distribution:

Nt — )]
Rx(t1,10) = 5 Z %e#\@z—n)

k=0
k even

oMot [ & 7\(t2—t1)] o )\(tz—ﬁ)]

k=

e~ Mn—=11) [ Mt2—11) + e~ Mn—11)
2 2

1
= 4_1{1 e MYy >

A similar equation holds good for 7, < ;. Hence, substituting |, — #;| = |7| in the
equation above, Rx(T) can be given by

Ry(7) = }1 {1+ e 2Ny
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0.5

0.4 L

03 L

0.25

02 L -

0.1 -

FIGURE 19.2.6

The autocorrelation function for the process X(¢) is shown in Fig. 19.2.6 for
A=0.5.

Autocovariance:
—2\|7]

4

e

Cx(1) = Rx(7) — p =
Normalized Autocovariance:

o) = 5 e

X

Example 19.2.8 (Modulation) A random process Y(f) is given by Y(¢) = X(¢)
cos(wt + P), where X(¢), a zero mean wide-sense stationary random process with autocor-
relation function Rx(t) = 2¢~?"l is modulating the carrier cos(w? + ®). The random vari-
able ® is uniformly distributed in the interval (0,277), and is independent of X(¢). We have
to find the mean, variance, and autocorrelation of Y(¢):

Mean. The independence of X(¢) and ® allows us to write
E[Y(t)] = E[X()]E[cos(wt + D)]

and with E[X(7)] = 0 and E[cos(wt + ®)] = 0 from Example 19.2.1, E[Y(¢)] = 0.
Variance. Since X(t) and ® are independent, the variance can be given by

o2 = E[Y*(1)] = E[X?(?) cos* (ot + ®)] = 02E[cos? (wt + D)]
However

1 1
E[cos*(wt + D)] = EE[l + cosQut +2d)] = 5 and 0% = Cx(0) = Rx(0) =2

and hence 02 = 0%/2 = 1.
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Autocorrelation:

Ry(t) = E[Y(®)Y(t + 7)] = E[X(¢) cos(wt + D)X (¢ + T) cos(wt + oT + P)]
= Rx(1) %E[cos(w’r) + cosRwt + wT + 2P)]

= RXZ(T) cos(wT) + RXZ(T)

E[cosQwt + o1 + 2P)]
From Example 19.2.1 E[cosRwt 4+ ot + 2®)] = 0, and hence

x(7) cos(wr) = e AN

Ry(7) = R cos(wT)

A graph of Ry(1) is shown in Fig. 19.2.7 with A = 0.5 and w = 2.

Example 19.2.9 (Cross-Correlation) Two random processes X(#) and Y(¢) are given
by X(#) = Acos(wf) + Bsin(wf) and Y(r) = —Asin(wt) + Bcos(wt), where A and B
are random variables with density functions f4(a) and fz(b). We have to find the
cross-correlation, cross-covariance, and the normalized cross-covariance between X(r)
and Y(7).

From Example 19.2.4 the processes X(¢) and Y(¢) are stationary if E[A] = E[B] = 0,

E [Az] =FE [Bz], and E[AB] = 0. Hence the mean values py = wy = 0. The variances of

these processes are E[A?]

= E[B?] = o>
Cross-Correlation. The cross-correlation function Ryy(t1,?,) can be written as

Ryy(t1, 1) = E[X(t)Y(1)]
= E{[A cos(wt;) + B sin(wt;)][—A sin(wt;) + B cos(wty)]}

= E{— A? cos(wt;) sin(wt,) + B? sin(ot;) cos(wt,)
+ AB[cos(wt;) cos(wty) — sin(wt) sin(wt,)]}
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Substituting the values E [Az] =E [B2] =¢”? and E [AB]=0 in this equation, we
obtain

Rxy(t1,1) = 0'2 sin[u)(t1 — lz)] = —()'2 sin[urr]

where we have substituted T = (¢, — #;). The term Ryy(7) is shown in Fig. 19.2.8 for
o°=4 and © = 2.
Here Ryy(T) is an odd function, unlike the autocorrelation function. Since
Ryxy (1)=0 for T = 0, we conclude that X(¢) and Y(¢) are orthogonal.
Cross-Covariance. Since py = pwy = 0, Cxy(T) = Rxy(T).

Normalized Cross-Covariance:

Cxy(t)  —0?sin[or]
=

5 = — sin[wT]

Pxy(T) = o

Example 19.2.10 A random telegraph wave X(¢) as in Example 19.2.7 is passed through
a linear system with impulse response h(t) = e’B’u(t), where u(?) is a unit step function.
The output of the system is Y(#). It is desired to find the cross-correlation function Ryy(T).

From Example 19.2.7 the autocorrelation function Ry(T) = i{l + ¢ 2M"} . Hence,
from Eq. (19.2.23), we have

00

1
Ryy(m) = | 2(1+ e el Be gy
0
1 -l—l ' e N Bagy 4 1 ) (e MMy Begy >0
_)4B 4l 4
o 1 1(”
E_}_ZJO 6_2M0L_T)€_Bad0( T< 0
5 . T
R_\'}{ T)
7 Sl O e iy S s Mt [ A S R
3L i
-1 .
=3 L _,
S bR e S
-5 | 1 T
-1 =0.5 0 0.5 1

FIGURE 19.2.8
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Evaluating the integrals and substituting A = 1 and § = 0.5, we obtain

)\e—BT e—2)\'r
— , >0
1 4N — B> 42N —PB)
Rxy(t) =—+
xy (T) ap o
_— <0
42N+ B) T=
or
4 1
Ty L o >0
1 15 e 6 e N T
Rxy(7) = 5t

1
Ee2’1" T S O

The cross-correlation function Ryy(7) is shown in Fig. 19.2.9.
Ryxy (1) does not possess any symmetry, unlike Ry (7).

Moments of Discrete-Time Stationary Processes

In actual practice observations are made on the sample function of a stationary
random process X(¢) at equally spaced time intervals {#;, i = 0, +1,...}with correspond-
ing sequence of random variables {X;, i =0, +1,...}. These observation random vari-
ables will not be independent. Since {X;} are samples of a stationary random process,
the means and variances of these samples are the same as in the original process:

E[X]=py; varXj]=o0%, i=0,+1,... (19.2.32)
Analogous to the continuous case, we can define the various second moments:
Autocovariance:
Cx(h) = E[(X; — py)Xiyn — py)l, i=0,%+1,... (19.2.33)
Autocorrelation:
Rx(h) = E[XXiys], i=0,+1,... (19.2.34)
06; T T T T T
Ryy(T): cross-correlation function
0.6 |
0551
0.5

-4 2

FIGURE 19.2.9
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Normalized Autocovariance (NACF):

Cx(h) _ Cx(h)

Cx(0) ) (19.2.35)

px(h) =

If{Y,i=0, +£1,...} is the sequence obtained from a second stationary random
process Y(r) with mean Ly and variance o, then we can define the cross-moments as
follows:

Cross-Covariance:
Cxy (h) = E[(X; — px)(Yign —py]l i=0,%1,... (19.2.36)

Cross-Correlation:
Rxy(h) = E[X;Yirn] i=0,%£1,... (19.2.37)

Normalized Cross-Covariance (NCCF):

Co() — _ Ca(h) (19.2.38)

h =
P = 060 oxor

Example 19.2.11 A discrete zero mean stationary random process X; is given by
Xi=dbXis1+vi, i=1,... (19.2.39)

where v; is a zero mean Gaussian random process with variance o2. We want to find the
variance of X; and the NACF px(h).
Multiplying both sides of Eq. (19.2.39) by X; and taking expectations, we have

E[X?] = dE[X:X; 1] + E[Xv;] or 0% = bCx(1) + E[Xiv] (19.2.40)
The cross-correlation E[X;v;] can be computed as follows:
E[Xyi] = E[($Xi1 +vivi] = 0 (19.2.41)

since v; occurs after X;_;. Hence, substituting Eq. (19.2.41) in Eq. (19.2.40) and dividing
throughout by 0%, we obtain

2

- v 19.2.42
X =T dpy(D) (19:242)

o 2 o

1 = dpy(1) + and o

2
é
Premultiplying both sides of Eq. (19.2.39) by X;_, and taking expectations, we have

E[Xi_1Xi] = E[dX;_1Xi1] + E[Xi_pvi] (19.2.43)
In Eq. (19.2.43) E[X;_;v;] = 0 since v; occurs after X;_,, for 1 > 0; hence
Cx(h) =¢Cx(h—1), h>0 (19.2.44)
Dividing Eq. (19.2.44) by Cx(0) = (7%(, we obtain an equation for the NACF py(h)

px(h) = bpy(h—1), h>0 (19.2.45)
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and solving for px(h) with initial condition px(0) = 1, we obtain
px() =", h>0 (19.2.46)
Substituting Eq. (19.2.46) in Eq. (19.2.42), we have

0.2
oy =T e (19.2.47)

The process defined by Eq. (19.2.39) is called an autoregressive process of order 1.

19.3 ERGODIC PROCESSES

The ensemble average of a random process X(¢) is the mean value px(¢) defined by,

y(f) = J xf (x; £)dx (19.3.1)

Finding the ensemble average wy(¢) requires storing a multiplicity of sample functions and
finding the average. In many instances this process may be nontrivial. Given a sample
function of any random process X(¢), the time average |Ly is defined by

. ("
fy = ﬁLTX(Z)dt (19.3.2)

A reasonable question to ask is whether the ensemble average can be obtained from a
much easier time average. We observe that the ensemble average is not a random variable
but is a function of time, whereas the time average is a random variable that is not a func-
tion of time. If these averages are to be equal, then the first condition that we have to
impose is that the random process X(¢) be stationary, which removes the time factor in
the mean value. Under these conditions, we can write

T

1 (T R 1
E[ﬁ JTX(’)"’} = Elpx] = ﬁLTE[X(t)]dt = My (19.3.3)

and [Ly is an unbiased estimator of .

If a random variable is to be equal to a constant, then the second condition from
Example 14.1.1 is that the variance of [Ly must tend to zero as T — 0. Such random pro-
cesses are said to satisfy the ergodic hypothesis. We will now derive the conditions for a
random process to be mean-ergodic and correlation-ergodic.

Mean-Ergodic

A stationary random process X(t) is called mean-ergodic if the ensemble average is
equal to the time average of the sample function x(¢). We will assume that the following
conditions are satisfied by X(¢):

X(t) is stationary, implying that it has a constant mean .y, and the autocorrelation
function Rx(t, t 4+ 7) is a function of T only, or Rx(t, t + T) = Rx(T).

Rx(0) = E[X?(1)] is bounded, or Ry(0) <oo. Hence Cx(0) = Rx(0) — u%k <oo.





