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Chapter 1

Markov Chain Monte Carlo Methods

1.4 The Gibbs Sampler

Gibbs Ä�´MH�{���A~, Ù²~^u8I©Ù´õ�©Ù�|Ü.

b�¤k���^�©Ù (z�©þéÙ¦©þ�^�©Ù)Ñ´�±(½�,

GibbsÄ�¦^ù
��^�©Ù?1Ä�.

-X = (X1, · · · , Xd)�Rd¥��ÅCþ, ½Âd− 1���ÅCþ

X−j = (X1, · · · , Xj−1, Xj+1, · · · , Xd),

¿PXj |X−j�^��Ý�f(Xj |X−j). KGibbsÄ�´lùd�^�©Ù¥

�)ÿÀ:. �{Xe:

1. 3t = 0�, Ð©zX(0);
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2. ét = 1, 2, · · · , T ,

(a) -x1 = X1(t− 1).

(b) éz�©þj = 1, . . . , d,

(i) lf(Xj |x−j)¥�)ÿÀ:X∗j (t).

(ii) �#xj = X∗j (t).

(c) -X(t) = (X∗1 (t), . . . , X∗d (t))(z�ÿÀ:Ñ��É)

(d) O\t

5¿3þã�{(b)ÚÄ�¥, ��©þ�g��#:

x1(t) ∼ f(x1|x2(t− 1), · · · , xd(t− 1));

x2(t) ∼ f(x2|x1(t), x3(t− 1), · · · , xd(t− 1))

...

xd(t) ∼ f(xd|x1(t), · · · , xd−1(t)).
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l��©Ùf(xj |x1(t), x2(t), · · · , xj−1(t), xj+1(t− 1), · · · , xd(t− 1))¥

Ä�´'�N´�, Ï�f(xj |x−j) ∝ f(x), Ù¥Ø
Cþxj	,Ù¦CþÑ´

~ê.

~~~ 1 (Gibbs ÄÄÄ���: ������©©©ÙÙÙ) ¦¦¦ ^̂̂GibbsÄÄÄ������)))������������©©©ÙÙÙ

N(µ1, µ2, σ2
1 , σ

2
2 , ρ) ������ÅÅÅêêê

3����|Ü, X1|X2±9X2|X1E,Ñl��©Ù, �´�

E[X1|X2 = x2] = µ1 + ρ
σ1

σ2
(x2 − µ2),

V ar[X1|X2 = x2] = (1− ρ2)σ2
1

aq��X2|X1�©Ù. Ïd

f(x1|x2) ∼ N(µ1 + ρ
σ1

σ2
(x2 − µ2), (1− ρ2)σ2

1)

f(x2|x1) ∼ N(µ2 + ρ
σ2

σ1
(x1 − µ1),= (1− ρ2)σ2

2)

Ïd, ¦^Gibbs�{Xe
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1. -(x1, x2) = X(t− 1);

2. lf(x1|x2)¥�)ÿÀ:X∗1 (t).

3. �#x1 = X∗1 (t).

4. lf(x2|x1)¥�)X∗2 (t).

5. -X(t) = (X∗1 (t), X∗2 (t)).

R �èXe

↑Code
#initialize constants and parameters

N <- 5000 #length of chain

burn<- 1000 #burn-in length

X <- matrix(0, N, 2) #the chain, a bivariate sample

rho <- -.75 #correlation

mu1 <- 0

mu2 <- 2

sigma1 <- 1

sigma2 <- .5

s1 <- sqrt(1-rho^2)*sigma1
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s2 <- sqrt(1-rho^2)*sigma2

###### generate the chain #####

X[1, ] <- c(mu1, mu2) #initialize

for (i in 2:N) {

x2 <- X[i-1, 2]

m1 <- mu1 + rho * (x2 - mu2) * sigma1/sigma2

X[i, 1] <- rnorm(1, m1, s1)

x1 <- X[i, 1]

m2 <- mu2 + rho * (x1 - mu1) * sigma2/sigma1

X[i, 2] <- rnorm(1, m2, s2)

}

b <- burn + 1

x <- X[b:N, ]
↓Code

�)�óm©�1000�*ÿ�¿ïK, �e�*ÿ�3x¥, éd�� O�þ

�Ú���Ý
Xe. �ëê����Olý�éC, Ñ:ã�w«Ñ ���
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�¤äk�¥¡é¡5ÚK�'5A�.

↑Code
# compare sample statistics to parameters

colMeans(x)

cov(x)

cor(x)

plot(x, main="", cex=.5, xlab=bquote(X[1]),

ylab=bquote(X[2]), ylim=range(x[,2]))
↓Code

~~~ 2 (������ddd©©©ÛÛÛ~~~fff: ���NNN§§§ÝÝÝêêêâââ) ���ÄÄÄ Mackowiak et al.

(1992)���êêêâââ, TTTêêêâââPPP¹¹¹


 130���<<<������NNN§§§ÝÝÝ(uuu¼¼¼), 555OOOÚÚÚzzz©©©¨̈̈���

%%%aaa. ¢¢¢������888���´́́uuu���Carl Wunderlich���***:::– èèèxxx¤¤¤ccc<<<���NNN§§§²²²

þþþ���37oC(=98.6oF ).
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P§Ý�yi, i = 1, · · · , n, ¿b����.

yi ∼ N(µ, σ2)

±9�k�©Ù�

µ ∼ N(µ0, σ0), σ2 ∼ IG(a0, b0)

Kd�·��8I©Ù�µ, σ2���©Ù

f(µ, σ2|y) ∝ f(y|µ, σ2)π(µ)π(σ2)

�¦^GibbsÄ��{, ·�7LO�f(µ|σ2, y)�f(σ2|µ, y). ²LO�·�

��

µ|σ, y ∼ N(ωȳ + (1− ω)µ0, ω
σ2

n
), ω =

σ2
0

σ2/n+ σ2
0

.

σ2|µ, y ∼ IG(a0 +
n

2
, b0 +

1

2

n∑
i=1

(yi − µ)2).
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¦^d(J, GibbsÄ��{Xe:

ét = 1, · · · , T ,

1. -µ = µ(t−1), σ = σ(t−1).

2. O�ω =
σ2

0

σ2/n+σ2
0

, m = ωȳ + (1− ω)µ0 Ús2 = ω σ
2

n
.

3. lN(m, s2)¥�)µ.

4. -µ(t) = µ.

5. O�a = a0 + n
2
, b = b0 + 1

2

∑n
i=1(yi − µ)2.

6. lG(a, b)¥�)τ .

7. -σ2 = 1/τ±9σ(t) = σ.

lR�èXe:

↑Code
bodytemp<-read.table("bodytemp.txt",header=T)

y<-bodytemp$temp

bary<-mean(y); n<-length(y)

Iterations<-3500

mu0<-0; s0<-100; a0<-0.001; b0<-0.001

Previous Next First Last Back Forward 8



theta <- matrix(nrow=Iterations, ncol=2)

cur.mu<-0; cur.tau<-2; cur.s<-sqrt(1/cur.tau)

for (t in 1:Iterations){

w<- s0^2/( cur.s^2/n+ s0^2 )

m <- w*bary + (1-w)*mu0

s <- sqrt( w/n ) * cur.s

cur.mu <- rnorm( 1, m, s )

a <- a0 + 0.5*n

b <- b0 + 0.5 * sum( (y-cur.mu)^2 )

cur.tau <- rgamma( 1, a, b )

cur.s <- sqrt(1/cur.tau)

theta[t,]<-c( cur.mu, cur.s)

}

mcmc.output<-theta

apply(mcmc.output[-(1:1000),],2,mean)

#compare to true value: 98.25, 0.542

apply(mcmc.output[-(1:1000),],2,sd)

#compare to true value: 0.06456, 0.06826

↓Code
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éó��äã

↑Code
par( mfrow=c(3,2), xaxs=’r’, yaxs=’r’, bty=’l’ , cex=0.8)

iter<-1500

burnin<-500

index<-1:iter

index2<-(burnin+1):iter

plot(index, theta[index,1], type=’l’, ylab=’Values of mu’,

xlab=’Iterations’, main=’(a) Trace Plot of mu’)

plot(index, theta[index,2], type=’l’, ylab=’Values of sigma’,

xlab=’Iterations’, main=’(b) Trace Plot of sigma’)

ergtheta0<-erg.mean( theta[index,1] )

ergtheta02<-erg.mean( theta[index2,1] )

ylims0<-range( c(ergtheta0,ergtheta02) )

ergtheta1<-erg.mean( theta[index,2] )

ergtheta12<-erg.mean( theta[index2,2] )

ylims1<-range( c(ergtheta1,ergtheta12) )
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step<-10

index3<-seq(1,iter,step)

index4<-seq(burnin+1,iter,step)

plot(index3 , ergtheta0[index3], type=’l’, ylab=’Values of mu’,

xlab=’Iterations’, main=’(c) Ergodic Mean Plot of mu’, ylim=ylims0)

lines(index4, ergtheta02[index4-burnin], col=2, lty=2)

plot(index3, ergtheta1[index3], type=’l’, ylab=’Values of sigma’,

xlab=’Iterations’, main=’(d) Ergodic Mean Plot of sigma’, ylim=ylims1)

lines(index4, ergtheta12[index4-burnin], col=2, lty=2)

acf(theta[index2,1], main=’Autocorrelations Plot for mu’)

acf(theta[index2,2], main=’Autocorrelations Plot for sigma’)
↓Code
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1.4.1 The Slice Gibbs Sampler

�¡GibbsÄ�(Slice Gibbs Sampler) ��þ´ÄuGibbsÄ��. ÙÌ�^

u� ���^�©Ùvk{ü½ö�B�/ª�/. ù��{ÏLV\�


9ÏCþ rëê�m*�, ��±a,��>S©ÙØC, r¤k�^�©

Ù=C¤IO/ª. ,��±¦^IO�GibbsÄ��{.

�¡GibbsÄ���{Xe. �Ä8I©Ùg(x), ÙéJ?1Ä�. ·�Ú

\��#�9ÏCþu, Ù^�©Ù�f(u|x). KéÜ©Ù�

f(u, x) = f(u|x)g(x)

x�>S©Ù�u8I©Ùg(x). Ïd·��±¦^Gibbs�{léÜ©Ù

f(u, x), ±9>S©Ùf(u)Úf(x) = g(x)¥�)�Åê:

1. �)u ∼ f(u|x).

2. �)x ∼ f(u|x)g(x).

duf(u|x)3þãO�¥Ñyüg,ÏdÙ�À��¦�l©Ùf(u|x)Úf(u|x)g(x)
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¥é�B�Ä�, ~^���ÀJ´þ!©ÙU(0, g(x)), d�

f(u, x) =
1

g(x)
g(x)I(0 < u < g(x)) = I(0 < u < g(x)),

f(x) =

∫
I(0 < u < g(x))du = g(x).

Ïd, d�GibbsÄ��{Xe

1. �)u(t) ∼ U(0, g(x(t−1)));

2. �)x(t) ∼ U(x : 0 ≤ u(t) ≤ g(x)).

é��d©Û5`, ²~ÀJu ∼ U(0, f(y|θ)), éÜ©Ù�

f(θ, u|y) ∝ {
n∏
i=1

I(0 ≤ ui ≤ f(yi|θ))}f(θ)

lGibbs�{Xe

1. -θ = θ(t−1).

2. éi = 1, . . . , n, �)u
(t)
i ∼ U(0, f(yi|θ)).

3. éj = 1, · · · , d, �#θj ∼ f(θj)
∏n
i=1 I(0 ≤ u

(t)
i ≤ f(yi|θ)).
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4. -θ(t) = θ.

~~~ 3 (���¡¡¡GibbsÄÄÄ���: logistic£££888¥¥¥���AAA^̂̂) ���ÄÄÄWAISêêêâââ©©©ÛÛÛ���

~~~fff.

·�À�9ÏCþ¦�

f(u, β0, β1|y) ∝
n∏
i=1

I(ui ≤
eβ0yi+β1xiyi

1 + eβ0+β1xi
)exp

(
−

(β0 − µβ0
)2

2σ2
β0

−
(β1 − µβ1

)2

2σ2
β1

)
β0, β1�>S©Ù�

f(β0, β1|y) =

∫
f(u, β0, β1|y)du

∝
n∏
i=1

eβ0yi+β1xiyi

1 + eβ0+xiβ1
exp
(
−

(β0 − µβ0
)2

2σ2
0

−
(β1 − µβ1

)2

2σ2
1

)
.

=�·�318ù~7¥��.. Ïd·�¦^�¡GibbsÄ��{

1. éi = 1, · · · , n, lXe©Ù¥�)ui,

ui|u−i, β0, β1, y ∼ U(0,
eβ0yi+β1xiyi

1 + eβ0+xiβ1
)
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2. lXe©Ù¥�)β0,

β0|u, β1, y ∼ N(µβ0
, σ2
β0

)
n∏
i=1

I(ui ≤
eβ0yi+β1xiyi

1 + eβ0+xiβ1
),

3. lXe©Ù¥�)β1,

β1|u, β0, y ∼ N(µβ1
, σ2
β1

)
n∏
i=1

I(ui ≤
eβ0yi+β1xiyi

1 + eβ0+xiβ1
).

þã^���©Ù��ä���©Ù. �ä�«m½Â�ui ≤ eβ0yi+β1xiyi

1+eβ0+xiβ1
,

Ù�±#L«�

For yi = 1 =⇒ ui ≤
eβ0+β1xi

1 + eβ0+xiβ1
=⇒ β0 + β1xi ≥ log

ui

1− ui

For yi = 0 =⇒ ui ≤
1

1 + eβ0+xiβ1
=⇒ β0 + β1xi ≤ log

1− ui
ui

Ïd��

max
i:yi=1

(log
ui

1− ui
) ≤ β0 + β1xi ≤ min

i:yi=0
(log

1− ui
ui

)
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éβ0, β1)þãØ�ª��

l0 = max
i:yi=1

(log
ui

1− ui
− β1xi) ≤ β0 ≤ u0 = min

i:yi=0
(log

1− ui
ui

− β1xi)

±9

l1 = max
i:yi=1

(x−1
i [log

ui

1− ui
−β0]) ≤ β1 ≤ u1 = min

i:yi=0
(x−1
i [log

1− ui
ui

−β0])

3d~¥,¤k�xi > 0. Ïdëêβ0, β1�ªd©ÙN(µβ0
, σ2
β0

)I(l0, u0)

ÚN(µβ1
, σ2
β1

)I(l1, u1)�).

ùp·��l���ä©Ù¥�)�Åê, ù¿Ø(J. ¯¢þ, e�l X

e�ä©Ù¥Ä�

FT[a,b](x) = P (X ≤ x|a ≤ X ≤ b) =
F (x)− F (a)

F (b)− F (a)
, ∀ x ∈ [a, b]

K·��±�)u ∼ U(0, 1), ,�-u = FT
[a,b]

(x), @o)d�§��

x = F−1(F (a) + u[F (b)− F (a)]).
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Ïd¢yXþ©Û�R�èXe

↑Code
y<-wais$senility; x<-wais$wais; n<-length(y)

positive<- y==1

Iterations<-55000

mu.beta<-c(0,0); s.beta<-c(100,100)

beta <- matrix(nrow=Iterations, ncol=2)

acc.prob <- 0

current.beta<-c(0,0); u<-numeric(n)

for (t in 1:Iterations){

eta<-current.beta[1]+current.beta[2]*x

U<-exp(y*eta)/(1+exp(eta))

u<-runif( n, rep(0,n), U)

logitu<-log( u/(1-u) )

logitu1<- logitu[positive]

logitu2<- -logitu[!positive]

l0<- max( logitu1 - current.beta[2]*x[positive] )

u0<- min( logitu2 - current.beta[2]*x[!positive] )

unif.random<-runif(1,0,1)

fa<- pnorm(l0, mu.beta[1], s.beta[1])
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fb<- pnorm(u0, mu.beta[1], s.beta[1])

current.beta[1] <- qnorm( fa + unif.random*(fb-fa),

mu.beta[1], s.beta[1])

l1<- max( (logitu1 - current.beta[1])/x[positive] )

u1<- min( (logitu2 - current.beta[1])/x[!positive] )

unif.random<-runif(1,0,1)

fa<- pnorm(l1, mu.beta[2], s.beta[2])

fb<- pnorm(u1, mu.beta[2], s.beta[2])

current.beta[2] <- qnorm( fa + unif.random*(fb-fa),

mu.beta[2], s.beta[2])

beta[t,]<-current.beta

}

apply(beta[-(1:15000),],2,mean)

apply(beta[-(1:15000),],2,sd)
↓Code

ó�Âñ�äã�

↑Code
par( mfrow=c(3,2), xaxs=’r’, yaxs=’r’, bty=’l’ , cex=0.8)

iter<-55000
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burnin<-15000

index<-seq(1,iter,50)

index2<-(burnin+1):iter

plot(index, beta[index,1], type=’l’, ylab=’Values of beta0’,

xlab=’Iterations’, main=’(a) Trace Plot of beta0’)

plot(index, beta[index,2], type=’l’, ylab=’Values of beta1’,

xlab=’Iterations’, main=’(b) Trace Plot of beta1’)

iter<-55000

burnin<-15000

index<-seq(1,iter,1)

index2<-(burnin+1):iter

ergbeta0<-erg.mean( beta[index,1] )

ergbeta02<-erg.mean( beta[index2,1] )

ylims0<-range( c(ergbeta0,ergbeta02) )

ergbeta1<-erg.mean( beta[index,2] )

ergbeta12<-erg.mean( beta[index2,2] )

ylims1<-range( c(ergbeta1,ergbeta12) )
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step<-50

index3<-seq(1,iter,step)

index4<-seq(burnin+1,iter,step)

plot(index3 , ergbeta0[index3], type=’l’, ylab=’Values of beta0’,

xlab=’Iterations’, main=’(c) Ergodic Mean Plot of beta0’, ylim=ylims0)

lines(index4, ergbeta02[index4-burnin], col=2, lty=2)

plot(index3, ergbeta1[index3], type=’l’, ylab=’Values of beta1’,

xlab=’Iterations’, main=’(d) Ergodic Mean Plot of beta1’, ylim=ylims1)

lines(index4, ergbeta12[index4-burnin], col=2, lty=2)

lag.to.print<-900

acf1<-acf(beta[index2,1], main=’Autocorrelations Plot for beta0’,

lag.max=lag.to.print, plot=FALSE)

acf2<-acf(beta[index2,2], main=’Autocorrelations Plot for beta1’,
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lag.max=lag.to.print, plot=FALSE)

acf.index<-seq(1,lag.to.print,20)

plot( acf1[acf.index], main=’Auto-correlations for beta0’ )

plot( acf2[acf.index], main=’Auto-correlations for beta1’ )
↓Code

1.5 Monitoring Convergence

u��)�ó´ÄÂñ, ���{ü�Ò´ã«
.

1.5.1 Convergence diagnostics plots

trace plot : ò¤k)¤���éS�gê�ã, )¤
ó��^��´»

ã. �ó��Âñ�, d´»ãÒAT¥yÑ½5, vk²w�ª³Ú±Ï.

ergodic mean plot : MCMC�{�nØÄ:´H{þ�½n, Ïd�±i
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ÀH{ þ�´Ä��Âñ. ·��±¦^\Èþ�éS�gê�ã, ±*	H

{þ�´Ä��Âñ.

Autocorrelation plot : du�.¥�ëê��´�'�, ÏdGibbsÄ�

rH8I ©Ù��| ��Ý��Ò¬'�ú. XJg�'Y²ép, K¦

^trace plot�äó �Âñ5Ò'��. ��g�'�XÚ��O�~�,

XJ,�óvkLyÑù«y�, @o`²ó��)Å�k¯K, �UI�

#ëêz.

1.5.2 Monte Carlo Error

3éMCMC)��ó?1©Û�, Monte Carlo Ø� (MC Ø�) ´I�iÀ

����I, Ùïþ
�Oþdu�Å�[ �5�ÅÄ5. 3O�a,��

ëê�, Monte CarloØ�7Lé$�°Ý�±�X��þ4O. Ù Ú�)�

��þ¤�', Ïd^rgC�±��. lO\S�gê, a,��þÒ�±

±4O �°Ý��O.
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kü«O�MCØ���{: batch meanÚwindows estimator. 1�«�

{{üN´ö�, �´1�«�{°(.

¦^batch mean�{�, Äkò)¤�T���©¤K�|(batch), z�

|v = T/K�, K~��30½50. vÚKÑ�'��, ±¦�·��±�Ü��

O��±9~�g�'. 3O� �Oþg(X)�MCØ��, ÄkO�z�|S

þ�

g(X)b =
1

v

bv∑
t=(b−1)v+1

g(X(t)), b = 1, . . . ,K.

±9o���þ�

g(X) =
1

K

K∑
b=1

g(X)b.

Ïdþ��MCØ��O�

MCE(g(X)) = ŝe(g(X)) =

√√√√ 1

K(K − 1)

k∑
b=1

(g(X)b − g(X))2
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MCØ��batch mean�O�{�õ�?Ø�±ë� Hastings (1970), Geyer

(1992), Roberts (1996, p. 50), Carlin and Louis (2000, p. 172), and Givens

and Hoeting (2005, p. 208).

window estimator ´ÄuRoberts (1996, p. 50)ég�'������

�L«

MCE(g(X)) =
ˆSD(g(X))
√
T

√√√√1 + 2
∞∑
k=1

ρ̂k(g(X)),

Ù¥ρ̂kg(X)�Og(X(t))�g(X(t+k))�m�k�g�'Xê. éw,, éé�

�k, g�'Xêρ̂kdu��þé�ØUéÐ��O, �é¿© �k,g�

'ò�C0. Ïd, ���I�ω¦�Ù��g�'XêÑé�, 3O�¥Ò�

± ¿K�¡¤k��. ù«ÄuI��MCØ��

MCE(g(X)) =
ˆSD(g(X))
√
T

√√√√1 + 2
ω∑
k=1

ρ̂k(g(X)),
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1.5.3 The Gelman-Rubin Method

Gelman & Rubin 1 �
��~f, `² éú�ÂñØUÏLüÕu���

ó5uy. üÕ��ó�Nwå5®²Âñ, �´¢Sþ3��| þóvk

��Âñ. Ï�XJ38I©Ù���ÛÜ| þ, �)������~�,

KÒ¬Ñyù«�¹. Ï ÏLu�A�²1�ó, ÙÐ©��~©Ñ, @o

UuyÂñéú��ÇÒ¬p�õ. ù��{´ÄulØÓ� Ð©�Ñu, ó

��²�, ATLy�´���. �O(�`, Gelman Ú Rubin �ÑóS

���Úó �m���AT´�Ó�.

ù��{�±ÏLòõ�ó�trace plotx3Ó��ãþ5u�, Xe¡�

ã

éu�½���ó, XJÙ®²��Âñ, @o?Ûa,��þ �±ÏL

O������þ�Ú����?1íä. l, k�óÒk k��U�íä(

1A. Gelman and D.B. Rubin. A single sequence from the Gibbs sampler gives a
false sense of security. In J. M. Bernardo, J. O. Berger, O.P. Dawid, and A.F.M.
Smith, editors, Bayesian Statistics 4, Pages 625-631. Oxford University Press, Ox-
ford, 1992
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J. @oXJó®²Âñ, ù
íäÒAT'�aq. ÏdGelmanÚRubinJ

Ñ¦^ANOVA��{?1©Û.

b�kk�ó, z�ókn���, a,��þ�φ, Ù38I©ÙekÏ

"µÚ��σ2. PφjtL«ój�1t����φ��, @o3·Ü��¥, µ��

�Ã �O� µ̂ = φ··. ó�m���B/nÚóS���W©O�

B/n =
1

k − 1

k∑
j=1

(φ̄j· − φ··)2

W =
1

k(n− 1)

k∑
j=1

n∑
t=1

(φjt − φ̄j·)2

l·��±¦^BÚW\�?1�Oσ2:

σ̂2
+ =

n− 1

n
W +

B

n

XJÐ©�´l8I©Ù¥Ä��, σ̂2
+ Ò´σ

2�Ã �O. �´XJ Ð©�

LÝ©Ñ, KÒ¬p�σ2.
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�Ä��Oþµ̂�Ä�ÅÄ5, ����O�� V̂ = σ̂2
+ +B/(kn).

'�·ÜÚóS�íä�±ÏL

R =
V̂

σ2

5?1. ¡
√
R�scale reduction factor, SRF. ·��±�OR�

R̂ =
V̂

W
.

¡
√
R̂�potential scale reduction factor, PSRF. �ó��Âñ� ¿��

)�êâé��, R̂ATªu1. Gelman & Rubin ïÆ�?�ÚOþ�√
R̂ d
d−2

. �d?�kØ, Brooks and Gelman (1997)2 æ^
��?���

�:

R̂c =
d+ 3

d+ 1
R̂

2 Brooks, SP. and Gelman, A. (1997) General methods for monitoring convergence
of iterative simulations. Journal of Computational and Graphical Statistics, 7, 434-
455.
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Ù¥d�V̂�gdÝ��O. ù�?�´é���, Ï�3Âñ�, d¬é�.

~~~ 4 (Gelman-Rubin method)888III©©©ÙÙÙ���N(0, 1),JJJÆÆÆ©©©ÙÙÙ���N(Xt, σ2),

φjt LLL«««111j���óóóccct������������²²²þþþ.

↑Code
Gelman.Rubin <- function(psi) {

# psi[i,j] is the statistic psi(X[i,1:j])

# for chain in i-th row of X

psi <- as.matrix(psi)

n <- ncol(psi)

k <- nrow(psi)

psi.means <- rowMeans(psi) #row means

B <- n * var(psi.means) #between variance est.

psi.w <- apply(psi, 1, "var") #within variances

W <- mean(psi.w) #within est.

v.hat <- W*(n-1)/n + (B/(n*k)) #upper variance est.

r.hat <- v.hat / W #G-R statistic

return(r.hat)

}
↓Code
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e¡��è)¤ó:

↑Code
normal.chain <- function(sigma, N, X1) {

#generates a Metropolis chain for Normal(0,1)

#with Normal(X[t], sigma) proposal distribution

#and starting value X1

x <- rep(0, N)

x[1] <- X1

u <- runif(N)

for (i in 2:N) {

xt <- x[i-1]

y <- rnorm(1, xt, sigma) #candidate point

r1 <- dnorm(y, 0, 1) * dnorm(xt, y, sigma)

r2 <- dnorm(xt, 0, 1) * dnorm(y, xt, sigma)

r <- r1 / r2

if (u[i] <= r) x[i] <- y else

x[i] <- xt

}

return(x)

}
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↓Code

3e¡�O�¥, ��σ2��é�, �JÆ©Ù����'u8I©Ù��{

é��, ó·Ü�Ò¬éú.

↑Code
sigma <- .2 #parameter of proposal distribution

k <- 4 #number of chains to generate

n <- 15000 #length of chains

b <- 1000 #burn-in length

#choose overdispersed initial values

x0 <- c(-10, -5, 5, 10)

#generate the chains

X <- matrix(0, nrow=k, ncol=n)

for (i in 1:k)

\ X[i, ] <- normal.chain(sigma, n, x0[i])

#compute diagnostic statistics

psi <- t(apply(X, 1, cumsum))
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for (i in 1:nrow(psi))

psi[i,] <- psi[i,] / (1:ncol(psi))

print(Gelman.Rubin(psi))

#plot psi for the four chains

par(mfrow=c(2,2))

for (i in 1:k)

plot(psi[i, (b+1):n], type="l",

xlab=i, ylab=bquote(psi))

par(mfrow=c(1,1)) #restore default

#plot the sequence of R-hat statistics

rhat <- rep(0, n)

for (j in (b+1):n)

rhat[j] <- Gelman.Rubin(psi[,1:j])

plot(rhat[(b+1):n], type="l", xlab="", ylab="R")

abline(h=1.1, lty=2)
↓Code
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1.6 WinBUGS Introduction

BUGS(Bayesian inference Using Gibbs Sampling) ´¦^MCMC�{?

1BayesO�����8. WinBUGS ´T�8���^��¬. 8

cWinBUGS���Ò�1.4.3.

WinBUGS¤k�ó�Ñ´3��compound document©�, *Ð¶

�.odc, ¥?1. T©��¹
�.§S�è, êâ, ±9�±ò©Û

(J(ã/,êâ�)���3S. e¡·�5`²XÛïáù���©�.

3WinBUGSp#ï���x©��(èüFile-New), ����d©ÛÒlïïï

ááá���..., êêêâââ, ÐÐÐ©©©���nÜ©m©.

1.6.1 Building Bayesian models in WinBUGS

ïá���Bayes�., �): �½q,Úk�; Ö\êâ; Ð©�. Win-

BUGSp�.p�ëê/Cþkna:

1. ~þ, ��½��þ.
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2. �ÅÜ©, ÏL��VÇ©Ù5£ã, �.p�ëêÚ�ACþÑ´�

ÅCþ, ©OÏLk�©ÙÚq,5£ã. �ÅÜ© 3?1MCMC�{��

��½Ð©�.

3. Ü6Ü©, =ÏL��êÆL�ª5�xCþ�m�'X.

�.��{(�Xe

↑Code
model{

variable~distribution(parameter1, parameter2,...)

parameter1<-a+x*b

a~distribution(a0,b0)

b~distribution(a1,b1)

parameter2~distribution(c,d)

.....

}
↓Code

Äk·�50��eWinBUGSp ~^�êÆ¼ê, Ú©Ù¼ê, êÆ¼
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ê�^3�½é�þ��±¦^<-D��,	��é�.

¼ê ¿Â
abs(x) |x|

cloglog(x) log(−log(1 − x))
cos(x) cos(x)
exp(x) exp(x)

equals(x1,x2) f(x1, x2) = 1, x1 = x2; 0, otherwise
sin(x) sin(x)

inprod(x1[],x2[])
∑n
i=1

x1[i]x2[i]

inverse(A[,]) A−1

interp.lin(x,v1[],v2[]) v2i +
x−v1i

v1,i+1−v1i
(v2,i+1 − v2i)

logdet(A[,]) log|A|
logfact(k) log(k!)
loggam(x) logΓ(x)
logit(x) log x

1−x
max(x1,x2) max(x1, x2)
min(x1,x2) min(x1, x2)

mean(x[]) 1
n

∑n
i=1

xi

sd(x[])
√∑n

i=1
(xi − x̄)2/(n − 1)

phi(x) P (X ≤ x), X ∼ N(0, 1)
pow(x,z) xz

sqrt(x)
√
x

sum(x[])
∑n
i=1

xi
rank(v[],k)

∑n
i=1

I(vi ≤ vk)

ranked(v[],k) vs :
∑n
i=1

I(vi ≤ vs) = k

cut(x) posterior of x is not updated by the likelihood
round(x) round x to the closest integer
step(x) f(x) = 1, x ≥ 0; 0, otherwise
trunc(x) trunction to the closest smaller than x integer
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©Ù¼ê�±ëwWinBUGSèühelp–user manual, ,�:Â�m�©

�¥�distributionë��w. ,	, forÌ���±¦^, ÙÚRp�^{�

Ó.

1.6.2 Model specification in WinBUGS

�.��½�)q,Úk�üÜ©.

qqq,,,¼¼¼êêê���½½½, =�½�ACþ�©Ù

y ∼ distribution(ϑ)

Ù¥ϑÚ�
)ºCþk'X.

ϑ = h(θ, x1, · · · , xp)

Ïdq,¼ê�

f(y|θ) =
n∏
i=1

f(yi|ϑi = h(θ, xi1, · · · , xpi)
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dq,¼ê3WinBUGSp��èXe

↑Code
model{

for(i in 1:n){

y[i]~distribution.name(parameter1[i],parameter2[i],...)

parameter1[i]<-function of theta and X’s

parameter2[i]<-function of theta and X’s

...}

}
↓Code

kkk������½½½ �½�q,�, ;�XI��½ëê�k�©Ù:

↑Code
theta1~distribution.name

theta2~distribution.name

...
↓Code
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1.6.3 Data and initial value specification

3WinBUGSp, �«a.�êâ´�3��listp, êâ�)�.p ~Cþ

��, XCþ�ê, ��þ�, ±9��, MCMC�{�Ð©��. êâ�Ö\

�±ÏLü«�ª: rectangularÚlist�ª.

WinBUGS¥¥¥���êêê���LLL«««

1. �þ

1. v[], �þv�¤k�.

2. v[i], �þv�1i���.

3. v[a : b], �þv�1a�1b���.

�þ�±3list¼êp¦^¼êc5Mï.

2. Ý
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1. M [, ], Ý
M�¤k��

2. M [i, j], Ý
M�ij��

3. M [i, ], Ý
M�1i1¤k��

4. M [, j], Ý
M�1j�¤k��

5. M [n : m, k : l],Ý
M�1n�1m1, 1k�1l�¤k��

��Ý
�±í2�õ�ê|. éuÝ
����¯Ú$�ÚR¥�$�Ä�

�Ó, �´3R¥, é��Ý
ö��I¦^Ù¶¡,  3WinBUGS¥,I�

¦^¶¡[,]�/ª. MïÝ
�·-�ØÓ, 3WinBUGS¥, Mï��Ý
�

�{�ª�

↑Code
matrix.name=structure(

.Data=c(value1,value2,...,valuek),

.Dim=c(row.number,col.number)

)
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↓Code

Ý
matrix.name´d.Data¥���3.Dim5½eUì111^̂̂SSS)¤�. 3þ

ã�{¥, .DimXJ´n�±þ�, KÒ¬Mïõ�ê�. Ïd, 3R/Splus¥,

¦^

↑Code
> a<-structure(.Data=c(1:12),.Dim=c(3,4))#�^S)¤

> a

[,1] [,2] [,3] [,4]

[1,] 1 4 7 10

[2,] 2 5 8 11

[3,] 3 6 9 12
↓Code

3WinBUGS¥, ´U1^S)¤:

↑Code
> a

[,1] [,2] [,3] [,4]
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[1,] 1 2 3 4

[2,] 5 6 7 8

[3,] 9 10 11 12
↓Code

p��ê|�kù��«O.

rectangular�ª

ù«�ª´¦^êâ�g,Ý//ª. Ù1�1��Cþ�¶¡, �Cþ

��±1ü���ª üS, ���1±END(å, ¿�±Ù������

1(1.4��). X

v1[] v2[] v3[] v4[] v5[]

val11 val112 val113 val14 val15

val21 val122 val123 val24 val25

val31 val132 val133 val34 val35

val41 val142 val143 val44 val45

END
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#�1

list�ª, aquRp�list�ª, �{�ª�

list(variable1=value, variable2=value,...)

Ù¥���±´�þ, Ý
½öê|.

~~~ 5 ������{{{üüü���êêêâââ���½½½~~~fff bX·��êâXe

y x1 x2 gender age

12 2 0.3 1 20

23 5 0.2 2 21

54 9 0.9 1 23

32 11 2.1 2 20

·�I�\\ü�Cþ: ��þ(n = 4)ÚCþ�ê(p = 5), u´�±

list(n=4,p=5,y=c(12,23,54,32),x1=c(2,5,9,11),x2=c(0.3,0.2,0.9,2.1)
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,gender=c(1,2,1,2),age=c(20,21,24,20))

XJI�¦^Ý
/ª, K

list(n=4,p=5,datamatrix=structure(

.Data=c(12,2,0.3,1,20,23,5,0.2,2,

21,54,9,0.9,1,23,32,11,2.1,2,20),

.Dim=c(4,5)))

3WinBUGSp, ��.�¤?È�, �±¦^èüInfop�Node Info5�w

�½�é�.

¦^matrix½öarray�´Ø��B, Ð?´Mï�êâ�ª�, �±3?

È�.� �gÖ\¤kêâ. �´·���±¦^e¡ù��ª, ©õgÖ\

I��êâ:

y[] x1[] x2[] gender[] age[]

12 2 0.3 1 20
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23 5 0.2 2 21

54 9 0.9 1 23

32 11 2.1 2 20

END

#�x1

ù��±¦^model specification tool�loadUÜõgÖ\I��êâ, �

´éu �.¥��
~ê, 'X��þ, Cþ�ê�, I�2Mï��listé�

5Ö\.

Ð©�^uÐ©zMCMC�{. §���ªÚþãlist�ª�Ó.

~~~ 6 ���������������~~~fff b�·�k10�êâ,5guoNN(µ, σ2), ·��

íäµ, σ2. k�©Ù�µ ∼ N(0, 100), σ2 ∼ IG(0.01, 0.01). K���èXe

↑Code
model{

#likelihood

for(i in 1:n)
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y[i]~dnorm(mu,tau)

#prior

mu~dnorm(0,0.01)

tau~dgamma(0.01,0.01)

#deterministic definition of variance

sigma.squared<-1/tau

sigma<-sqrt(sigma.squared)

}

DATA

list(n=10,y=c(1.806, 2.04, 1.423, -2.814, -1.196,

-0.177, -0.233, -3.065, 0.871, 1.033))

INITIALS

list(mu=0,tau=1)
↓Code

ùpI�5¿�´3WinBUGSp, ��©ÙN(µ, σ2)¥IO���½´ Ï

LÙ_5�½. ,	, 3���èé��©�¥, ·��±¦^èütoolsp

�creat fold·-5Ûõ �½Ü©��è, ±!�¶4�m.
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1.6.4 Compiling model and simulating values

3�.Úêâ�è�¤�, ·�I�é�.?1?È,âUm©?1MCMC�

[. ÙÚ½�±��e¡AÚ:

1. �mmodel specification tool

2. u��.��{�(5.

3. Ö\êâ.

4. ?È�..

5. ��MCMCó��êÚÐ©�.

6. $1MCMC�{, �)�Åê.

7. ¦^Inferenceèüp�samples5iÀ·�I��ëê.

8. ?1�YíäÚ©Û.

~~~ 7 uuuÿÿÿuuu¶¶¶///JJJ¯̄̄���êêêâââ���CCC::: Poisson©Ù(L§)~�^5é,

�¯�u)gê?1ï�. �Ä=Iu¶1851c3�15F�1962c3�22F�

m10õ�u¶191g�¿¯�êâ. le¡�ã�±wÑ, 3,�c�, /J¯
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�ê²w~�, ·��8�Ò´�Où�Cz:.

↑Code
library(boot) #for coal data

data(coal)

year <- floor(coal)

y <- table(year)

plot(y) #a time plot
↓Code

Äk·�lêâ8coal¥�Ñzc��¿gêêâ:

↑Code
y <- floor(coal[[1]])

y <- tabulate(y)

y <- y[1851:length(y)]
↓Code

d=·��*ÿêâ. édOêêâ, �ÄXe��.

yi ∼ Poisson(µ), i = 1, · · · , k;
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yj ∼ Poisson(λ), j = i+ 1, · · · , n.

=b�3,�c°(C:)�c, /JêÑl��Poisson©Ù, 3dc

�, /JêÑl,��Poisson©Ù. é�ÇµÚλ¦^log¼êL«. Ïd,

3WinBUGSp��èXe

↑Code
model {

for( i in 1 : n ) {

y[i] ~ dpois(mu[i])

log(mu[i]) <- b[1] + step(i - k) * b[2]

}

for (j in 1:2) {

b[j] ~ dnorm( 0.0,1.0E-6)

}

k ~ dunif(1,n)

}
↓Code

êâÚÐ©��½, �±ÏLRp�¼êdput5��ÚWinBUGSp�ª�
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�C���/ª, {ü?UÒ �±��

↑Code
DATA

list(n=112,y=c(4, 5, 4, 1, 0, 4, 3, 4, 0, 6, 3, 3, 4, 0, 2, 6, 3, 3, 5, 4,

5, 3, 1, 4, 4, 1, 5, 5, 3, 4, 2, 5, 2, 2, 3, 4, 2, 1, 3, 2, 2,

1, 1, 1, 1, 3, 0, 0, 1, 0, 1, 1, 0, 0, 3, 1, 0, 3, 2, 2, 0, 1,

1, 1, 0, 1, 0, 1, 0, 0, 0, 2, 1, 0, 0, 0, 1, 1, 0, 2, 3, 3, 1,

1, 2, 1, 1, 1, 1, 2, 3, 3, 0, 0, 0, 1, 4, 0, 0, 0, 1, 0, 0, 0,

0, 0, 1, 0, 0, 1, 0, 1))

INITIALS

list(b=c(0,0),k=50)
↓Code

,�Ò�±?1MCMC�[
. L§��,Ð«.

e¡·�0�,	�«�ª. ¦^Rp��R2WinBUGS5?1. S

CÐWinBUGS Úd��, Ò�±3Rp¦^WinBUGS?1��d©Û
.

3Rp¦^WinBUGS?1��d ©Û�Ì�¼ê�bugs, Ù�{Xe

↑Code
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> model.sim <- bugs(data, inits, parameters, "model.bug")
↓Code

KWinBUGSÒ¬3��(%@)$1. éþ¡�ù�~f, �«�{´Äkò

�.��è�\��©�©�, 'X ”coal.bug”, 3Rp�1��èXe

↑Code
> n=112

> y=c(4,5,4,1,0,4,3,4,0,6,

+ 3,3,4,0,2,6,3,3,5,4,5,3,1,4,4,1,5,5,3,4,2,5,2,2,3,4,2,1,3,2,

+ 1,1,1,1,1,3,0,0,1,0,1,1,0,0,3,1,0,3,2,2,

+ 0,1,1,1,0,1,0,1,0,0,0,2,1,0,0,0,1,1,0,2,

+ 2,3,1,1,2,1,1,1,1,2,4,2,0,0,0,1,4,0,0,0,

+ 1,0,0,0,0,0,1,0,0,1,0,0)

> data=list("n","y")

> parameters <- c("k","b")

> inits = function() {list(b=c(0,0),k=50)}

> coal.sim <- bugs (data, inits, parameters,

+ "coal.bug", n.chains=3, n.iter=10000,,bugs.directory="D:/WinBUGS14")

> attach.bugs(coal.sim)

> print(coal.sim)
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> par(mfrow=c(2,1))

> plot(density(b[,1]),xlab="beta1")

> plot(density(b[,2]),xlab="beta2")
↓Code

,	�«�{´¦^R2WinBUGS�p�write.model¼ê, ��3R

scriptpò�.�3��8¹p. ,�Ò�± ¦^bugs¼ê5Ö�
.

↑Code
coal<-function(){

for( i in 1 : n ) {

y[i] ~ dpois(mu[i])

log(mu[i]) <- b[1] + step(i - k) * b[2]

}

for (j in 1:2) {

b[j] ~ dnorm( 0.0,1.0E-6)

}

k ~ dunif(1,n)

}

write.model(coal,"coal.bug")

coal.sim <- bugs (data, inits, parameters,
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"coal.bug", n.chains=3, n.iter=10000,,bugs.directory="D:/WinBUGS14")
↓Code

3Rp��±N^�coda5��õ�©Û. X±�g�'ã, Âñ�ä��.
�ë�coda�`²©�.
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