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Chapter 1

Markov Chain Monte Carlo Methods

1.1 Introduction

MCMC(Markov Chain Monte Carlo)�{���nØµe�±ëwMetropo-

lis et al. (1953)±9 Hastings (1970), ±9Ù¦�«0�MCMC�;Í. �

!·�0�ù«�{�Ä�g�ÚA^.

5¿3c¡0�Monte Carlo�{�OÈ©∫
A
g(t)dt,

´rdÈ©L«¤��é,�VÇ�Ýf(t)e�Ï". lÈ©�O¯K=z

¤l8IVÇ�Ýf(t)¥�) �Å��.
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3MCMC�{¥, Äkïá��ê��Åó, ¦�f(t)�Ù²©Ù. K�

±$1dê��Åó¿©��m�� Âñ�²©Ù, @ol8I©Ùf(t)¥

�)�Å��, Ò´l��²G��ê��Åó¥�)Ù��´». ·

�ò0�A«ïáù��ê��Åó��{: Metropolis�{, Metropolis-

Hastings�{, ±9GibbsÄ��{. ��Ð�óATäk¯�·Ü(rapid

mixing)5�—l?¿ �Ñué¯��²©Ù.

1.1.1 Integration problems in Bayesian inference

Bayesianíä¥�Nõ¯KÑ´MCMC�{�A^. lBayesian�*:5w,

�.¥�*ÿCþÚëêÑ´�ÅCþ. Ïd, ��x = (x1, · · · , xn)Úë

êθéÜ©Ù�±L«�

fx,θ(x, θ) = fx|θ(x1, · · · , xn)π(θ).
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l�âBayes½n, �±ÏL��x = (x1, · · · , xn)�&Eéθ�©Ù?1�

#:

fθ|x(θ|x) ==
fx|θ(x)π(θ)∫
fx|θ(x)π(θ)dθ

.

K3��©Ùe, g(θ)�Ï"�

Eg(θ|x) =

∫
g(θ)fθ|x(θ|x)dθ =

∫
g(θ)fx|θ(x)π(θ)dθ∫
fx|θ(x)π(θ)dθ

.

dÈ©�����x�¼ê. Ïd�±ég(θ)?1íä. 'Xg(θ) = θ�,

KEg(θ|x) = E[θ|x] �±��θ��O.

éda¯K·��Ä��/ª:

Eg(Y ) =

∫
g(t)π(t)dt∫
π(t)dt

.

ùpπ(·)����Ý½öq,. eπ���Ý, KdÏ"=�~��Ï"½Â:

Eg(Y ) =
∫
g(t)fY (t)dt. eπ��q,, KI����Kz~êâ�±¤��

Ý. 3��d©Û¥, π(·)�����Ý. �π(·) ��Kz~ê���, dÈ©
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��±O�. (©f©1¥��Kz~ê-�
). ù´�~Ð���5�, Ï�

3 éõ¯Ke, �Kz~êéJO�.

,��¡, 3éõäN¯K¥dÈ©��vkw«L«, ê��{�éJO

�, AO´3p��, MCMC�{édaÈ©Jø
 ��éÐ�O��{.

1.1.2 Markov Chain Monte Carlo Integration

È© E[g(θ|x)] =
∫
g(θ)fθ|x(θ|x)dθ �Monte Carlo�O���þ�

ḡ =
1

m

m∑
i=1

g(xi),

Ù¥x1, · · · , xm�l©Ùfθ|x(θ|x)¥Ä����. �x1, · · · , xmÕá�, K�

±�â�êÆ����þnª�uÃ¡�, ḡÂñ�E[g(θ|x).

�´3�
¯K¥, l©Ùfθ|x(θ|x)¥Ä���´�~(J�, MCMC�

{Ò´�d8��)�, Ù1��”MC”, Markov Chain, ÒL«l8I©

Ù¥Ä�, 1��”MC”, Monte Carlo, KL«3Ä�����e, A^Monte
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CarloÈ©�{éÈ©?1O�.

MCM�{�nØ�â3ueã�4�½n:

Theorem 1. �{Xt, t ≥ 0}��Ø���,�±Ï�G��m�Ω�ê¼ó,

π�²©Ù, π0´Ð©©Ù, K

πt → π, t→∞.

ùpπtL«ê¼ó3t���>S©Ù. d½n`²
�dê¼ó$1¿©

��m�(t = n, né�), K3��n, Xn�©Ù�π, �ÚÐ©©ÙÃ'.

Theorem 2. (Markov chain Law of Large Numbers)eX1, X2, · · ·��H

{�²©Ù�π�ê¼ó�(Ù¥z�Xt�±´õ��), KXn�©ÙÂñ

� ©Ù�π��ÅCþX, �é?¿¼êf , �Eπ |f(X)|�3�, �n→∞�,

K

f̄n =
1

n

n∑
t=1

f(Xt)→ Eπf(X), a.s.
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e¡·�O�H{þ�f̄n���. Pf t = f(Xt), γk = cov(f t, f t+k),

Kf t����σ2 = γ0, kÚ�'Xêρk = γk/σ
2. l

τ2
n = nV arπ(f̄n) = nV ar(

1

n

n∑
t=1

f t) =
1

n
V arπ(

n∑
t=1

f t)

=
1

n

n∑
t=1

V arπ(f t) + 2
1

n

n−t∑
k=1

cov(f t, f t+k)

= σ2 + 2

n−1∑
k=1

n− k
n

γk = σ2[1 + 2

n−1∑
k=1

n− k
n

ρk].

�±y²

τ2
n → τ2 = σ2[1 + 2

∞∑
k=1

ρk]

. ÏdH{þ�f̄n����

V arπ(f̄n) =
σ2

n
[1 + 2

n−1∑
k=1

n− k
n

ρk].
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Theorem 3. e��ó´���AÛH{(=£VÇ±�Ýλt, 0 < λ < 1Â

ñ)�, ±9 f�éu²©Ùπ´²��È�, Kk

√
n
f̄n − Eπf(x)

τ
→ N(0, 1), n→∞

ù�½né�E²©Ùπ�ëê��&«mJø
nØ�â.

ù
½n`²
:

• Ø��+�±Ï+�~�=⇒ ���²©Ù.

• LLN: ê¼ó�¢�¼ê�H{þ�±VÇ1Âñ�4�©Ùe�þ�.

• CLT: H{þ��Ü·�Cz�©ÙÂñ�IO��©Ù.

Ïd, ·��±ïá��±π�²©Ù�ê¼ó, K3$1dóv
��

m�, Tê¼óÒ¬�� ²G�, d�ê¼ó��Ò��ul©Ùπ¥Ä�

��. l�±�âH{½néÈ©?1�O. MCMC�{�`:3u:

1. ·^u2��(J�¯K;

2. ¯K�ê�O\Ï~Ø¬ü$ÙÂñ�Ý½ö¦Ù�E,.
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1.1.3 Markov Chain

lllÑÑÑ���GGG������mmm

b�{Xt, t ≥ 0}��àgê¼ó, =£VÇ�Pij = P (Xt+1 = j|Xt = i),

²©Ù�π. Kl�����wdê¼ók

P (Xt = j|Xt+1, Xt+2, . . .) = P (Xt = j|Xt+1),

=���5w, E�ê¼ó(reversed markov chain, _�ê¼ó). PP ∗ij(t)�

���wê¼ólt+ 1��=£�t���=£VÇ, K

P ∗ij(t) = P (Xt = j|Xt+1 = i) =
P (Xt+1 = i|Xt = j)P (Xt = j)

P (Xt+1 = i

=
Pjiπt(j)

πt+1(i)

ùp�πtL«ê¼ó3t���>S©Ù. l_�ê¼ó��Ø2´àg�.

XJ�t→∞�ÙÂñ�²©Ù, ½öπ0 = π, K _�ê¼óÒäk
²
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5, d�

P ∗ij(t) =
Pjiπ(j)

π(i)
= P ∗ij .

eP ∗ij = Pij , d�¡dê¼ó����___���êêê¼¼¼óóó(reversible markov chain). �

_ê¼ó��_5²~ L«�([�²ï�§, detailed balance equations)

π(i)Pij = π(j)Pji.

lXJ��8I©Ùπ÷vd[�²ï�§, KN´�yÙÒ´²©Ù:

∑
j

π(i)Pij =
∑
j

π(j)Pji

⇐⇒ π(i)
∑
j

Pij =
∑
j

π(j)Pji

⇐⇒ π(i) =
∑
j

π(j)Pji ²©Ù�½Â

~~~ �{pj , j ∈ Ω,
∑
j pj = 1} �·�a,��8I©Ù, ±9Q�?�Ø
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���G� �m�Ω�ê¼ó�=£VÇÝ
, �÷vé¡5^�

Qij = Qji, i, j ∈ Ω

UXe�ª½Â��ê¼ó:

1. l��t�G�i=£�e����G�, d=£ØQ)¤��ÿÀ�G

�j.

2. ±VÇmin{1, pj
pi
}�Ée����G��Xt+1 = j, ÄKXt+1 = i.

·�O��ed«�ªe���ê¼ó�=£VÇ:

(a). i 6= j:

Pij = P (Xt+1 = j, TA|Xt = i) = P (Xt+1 = j|Xt = i)P (TA)

= Qijmin{1,
pj

pi
}

”TA” - the event ”transition is accepted”

(b). i = j:

Pii = P (Xt+1 = i, TA|Xt = i) + P (Xt+1 6= i, TA|Xt = i)
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= Qii +
∑
j:j 6=i

Qij [1−min{1,
pj

pi
}].

K·��±�yd=£VÇÚ8I©Ù÷v[�²ï�§: Ø�pj >

pi(i = jw,¤á), K

piPij = piQijmin{1,
pj

pi
} = pjQjimin{1,

pi

pj
} = pjPji.

Ïdù�½Â�ê¼ó��_ê¼ó, �²©Ù�·��8I©Ù.

ëëëYYY���GGG������mmm

eΩ´ëY�, Ké?¿�x, y ∈ Ω, �{Xt}�àgê¼L§, P=£VÇ

©Ù�

Pxy = P (Xt+1 ≤ y|Xt = x) = P (X1 ≤ y|X0 = x), x, y ∈ Ω.

ePxyéyýéëY, K�±��^��Ý:

pxy =
∂Pxy

∂y
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¡�===£££ØØØ. mÚ=£VÇ�

Pxy(m) = P (Xt+m ≤ y|Xt = x), x, y ∈ Ω.

lmÚ=£Ø�

pxy(t+m) =
∂Pxy(m)

∂y

Chapman-Kolmogorov �ª�

Pxy(t+m) =

∫
Pzy(m)pxz(t)dz,

(lÑ|Ü:Pij(m+ t) =
∑
s∈Ω

Pis(m)Psj(t))

Xt�>S�Ý�

πt(y) =

∫
pxyπt−1(x)dx.

d�[�²ï�§�

π(y)pyx = π(x)pxy .
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ü>È©, =k ∫
π(x)pyxdx =

∫
π(x)pxydx

⇐⇒ π(y)

∫
pyxdx =

∫
π(x)pxydx

⇐⇒ π(y) =

∫
π(x)pxydx ²©Ù�½Â

1.2 The Metropolis-Hastings Algorithm

MH(Metropolis-Hastings) �{´�a~^��Eê¼ó��{, Ù�)


: MetropolisÄ�, GibbsÄ�, ÕáÄ�, �ÅiÄÄ��. MCMC�{

�°�3u�EÜ·�ê¼ó, Ïd�{�Ì� 8�´éê¼ó{Xt|t =

0, 1, 2, · · · }, 3�½��Xt¤?�G�e, �)e�Ú�G�Xt+1. MH�{

�EXe:

1. �EÜ·�JÆ©Ùg(·|Xt).

2. lg(·|Xt)¥�)Y ;
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3. eY��É, KXt+1 = Y , ÄK Xt+1 = Xt.

JÆ©Ù(Proposal distribution)�ÀJ�¦�)��ê¼ó�²©Ù

�8IÄ�©Ùf , I�÷v��Kz ^��)Ø��, �~�, �±Ï. ��

äkÚ8I©Ù�Ó| 8�JÆ©Ù��¬÷vù
�Kz^�.

1.2.1 Metropolis-Hastings Sampler

MHÄ��{ÏLXe�ª)�ê¼ó{X0, X1, X2, · · · }:

1. �EÜ·�JÆ©Ùg(·|Xt)(÷vcã��Kz^�).

2. l,�©Ùg¥�)X0;

3. E(��ê¼ó��²G�)

(a) lg(·|Xt)¥�)Y .

(b) lU(0, 1)¥�)U ;

(c) e

U ≤
f(Y )g(Xt|Y )

f(Xt)g(Y |Xt)
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K�ÉY¿-Xt+1 = Y , ÄK Xt+1 = Xt.

(d) O\t, �£�(a).

5¿�þã�{¥�ÉVÇ�

α(Xt, Y ) = min

(
1,
f(Y )g(Xt|Y )

f(Xt)g(Y |Xt)

)
,

Ïd�I��8I©Ùf�'u,�~ê=�, T~ê�±��.

w,, ÏLMH�{�E�ó÷vê¼5, Ï�Xt+1=�6uXt. ù�

�ó´Ä´�±ÏØ���K�ûuJÆ©Ù�À�. XJ´�±ÏØ��

�, KdMH�{���óäk���²©Ù. ·�5�y3MH�{e��

�ê¼ó�²©Ù�f . ¯¢þ, �r 6= s�, =£Ø�

K(r, s) = p(s|Xt = r) ≈ P (Xt+1 ∈ s± h, TA|Xt = r)/2h

=

∫ s+h

s−h
g(y|r)α(r, y)dy/2h→ g(s|r)α(r, s), h→ 0.
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�r = s�,

K(r, r) = p(r|Xt = r) ≈ P (Xt+1 ∈ r ± h, TA|Xt = r)/2h

+ P (Xt+1 /∈ r ± h, ¯TA|Xt = r)

=

∫ r+h

r−h
α(r, y)g(y|r)dy/2h+

∫
y/∈r±h

[1− α(r, y)]g(y|r)dy

→ α(r, r)g(r|r) +

∫
[1− α(r, y)]g(y|r)dy, h→ 0.

Ïd·�k

K(r, s) = α(r, s)g(s|r) + I(r = s)

∫
[1− α(r, y)]g(y|r)dy.

lér = sw,[��§¤á. é?¿r 6= sk

K(r, s)f(r) = α(r, s)g(s|r) = min{1,
f(s)g(r|s)
f(r)g(s|r)

}g(s|r)f(r)

= min{g(s|r)f(r), f(s)g(r|s)} = α(s, r)g(r|s)f(s)

= K(s, r)f(s).
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Ïd, f÷v[�²ï�§. lf�²©Ù.

~~~ 1 ¦¦¦^̂̂MHÄÄÄ������{{{lllRayleigh©©©ÙÙÙ¥¥¥ÄÄÄ���. Rayleigh©©©ÙÙÙ������ÝÝÝ

���

f(x) =
x

σ2
e−x

2/(2σ2), x ≥ 0, σ > 0.

�gdÝ�Xt�χ2©Ù�JÆ©Ù, K¦^MH�{Xe:

1. -g(·|X)�χ2(df = X).

2. lχ2(1)¥�)X0, ¿�3x[1]¥.

3. éi = 2, · · · , N , E

(a) lχ2(df = Xt) = χ2(df = x[i− 1])¥�)Y .

(b) �)U ∼ U(0, 1).

(c) 3Xt = x[i− 1], O�

r(Xt, Y ) =
f(Y )g(Xt|Y )

f(Xt)g(Y |Xt)
,
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Ù¥f�Rayleigh�Ý. g(Y |Xt)�χ2(df = Xt)��Ý3Y?��, g(Xt|Y )

�χ2(df = Y )��Ý3Xt?��. eU ≤ r(Xt, Y ), K�ÉY , -Xt+1 = Y ;

ÄK-Xt+1 = Xt. òXt+1�3x[i]p.

(d) O\t

3�Ýf¥�~ê�±3O�r¥-�, Ïd

r(xt, y) =
f(y)g(xt|y)

f(xt)g(y|xt)
=

ye−y
2/2σ2

xte
−x2t/2σ2

×
Γ(xt/2)2xt/2x

y/2−1
t e−xt/2

Γ(y/2)2y/2yxt/2−1e−y/2
.

3d~¥, ·��´O����Ý�,:��5O�r. e¡��èO

�Rayleigh�Ý3,:��:

↑Code
f <- function(x, sigma) {

if (any(x < 0)) return (0)

stopifnot(sigma > 0)

return((x / sigma^2) * exp(-x^2 / (2*sigma^2)))

} ↓Code
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e¡·��)σ2 = 4�Rayleigh©Ù�Åê. ¦^�JÆ©Ù�gdÝ

´xt = x[i− 1]� χ2(df = xt)©Ù:

↑Code
xt<-x[i-1]

y<-rchisq(1,df=xt)
↓Code

3O�r(Xi−1, Y )¥,©fÚ©1©O^CþnumÚdenL«.PêCþkP

¹
 ÿÀ:�áý�gê.

↑Code
m <- 10000

sigma <- 4

x <- numeric(m)

x[1] <- rchisq(1, df=1)

k <- 0

u <- runif(m)

for (i in 2:m) {
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xt <- x[i-1]

y <- rchisq(1, df = xt)

num <- f(y, sigma) * dchisq(xt, df = y)

den <- f(xt, sigma) * dchisq(y, df = xt)

if (u[i] <= num/den) x[i] <- y else {

x[i] <- xt

k <- k+1 #y is rejected

}

}

print(k)

↓Code

��40%�ÿÀ:�áý
. Ïd�)ó�ù��{k
�ÇØp. ·�¦^

��é�m�ã (¡�trace plot), 5*ÿÙ��´»ã:

↑Code
index <- 5000:5500

y1 <- x[index]

plot(index, y1, type="l", main="", ylab="x")
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↓Code

5¿3ÿÀ:�áý��m:þóvk£Ä, Ïdã¥kéõá�Y²²£.

�~¥·��8�´`²MH�{�A^, éRayleigh©Ù, k�p�Ç�

�)�Åê�{. 'XRayleigh©Ù�© ê �±L«�

xq = F−1(q) = σ[−2log(1− q)]1/2, 0 < q < 1.

Ïd�±¦^_C��{)¤�Åê.

~~~ 2'''���Rayleigh©©©ÙÙÙ���©©©   êêêÚÚÚMH���{{{eee������������©©©   êêê.(QQããã)

↑Code
b <- 2001 #discard the burnin sample

y <- x[b:m]

a <- ppoints(100)

QR <- sigma * sqrt(-2 * log(1 - a)) #quantiles of Rayleigh

Q <- quantile(x, a)

qqplot(QR, Q, main="",
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xlab="Rayleigh Quantiles", ylab="Sample Quantiles")

hist(y, breaks="scott", main="", xlab="", freq=FALSE)

lines(QR, f(QR, 4))
↓Code

lãþ�±wÑ,��© êÚnØ© ê[Ü�Ð, ��ã�w«Ñ�Ð

�[Ü5.

1.2.2 The Metropolis Sampler

MH�{´MetropolisÄ��{�í2. 3Metropolis�{¥, JÆ©Ù´é

¡�. =g(·|Xt) ÷v

g(X|Y ) = g(Y |X),

Ïd�ÉVÇ�

α(Xt, Y ) = min{1,
f(Y )

f(Xt)
}.
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1.2.3 Random Walk Metropolis

�ÅiÄMetropolisÄ��{´Metropolis�{���~f. b�ÿÀ:Yl

��é¡�JÆ©Ùg(Y |Xt) = g(|Xt − Y |) ¥�)�. K3z�gS�¥,

lg(·)¥�)��OþZ, ,�Y = Xt + Z. 'XOþZ�± lIO��©Ù

¥�), d�ÿÀ:Y |Xt ∼ N(Xt, σ2), σ2 > 0.

�ÅiÄMetropolis�{e���ó, ÙÂñ5~~é�Ýëê�ÀJ'

�¯a. �Oþ������, �Ü©�ÿÀ: ¬�áý, d��{��

Çé$. XJOþ�����, KÿÀ:ÒA�Ñ��É, Ïdd��Åi

ÄMetropolis�{ e���óÒA�´�ÅiÄ
, ù�´�Ç�$. �«À

J�Ýëê��{´iÀ�ÉÇ, áýÇAT 3«m[0.15,0.5]�Sâ�±�

y���ók�Ð�5�.1

1Robert G.O., Gelman, A., Gilks, W.R., 1996, Weak convergence and optimal
scaling of random walk Metropolis algorithms, Annals of Applied Probability, 7:110-
20
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~~~ 3 (���ÅÅÅiiiÄÄÄMetropolis)¦¦¦^̂̂JJJÆÆÆ©©©ÙÙÙN(Xt, σ2)ÚÚÚ���ÅÅÅiiiÄÄÄMetropolis���

{{{���)))gggdddÝÝÝ���ν ���t©©©ÙÙÙ���ÅÅÅêêê. ¿¿¿éééØØØÓÓÓ���������σ2EEEdddLLL§§§.

tν��Ý�'u(1 + x2/ν)−(ν+1)/2, Ïd

α(xt, y) = min{1,
f(y)

f(xt)
} = min{1,

(1 + y2/ν)−(ν+1)/2

(1 + x2
t /ν)−(ν+1)/2

}.

e¡·�E,¦^dt5O�t�Ý3�½:?��.

↑Code
rw.Metropolis <- function(n, sigma, x0, N) {

# n: degree of freedom of t distribution

# sigma: standard variance of proposal distribution N(xt,sigma)

# x0: initial value

# N: size of random numbers required.

x <- numeric(N)

x[1] <- x0

u <- runif(N)

k <- 0

for (i in 2:N) {

y <- rnorm(1, x[i-1], sigma)
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if (u[i] <= (dt(y, n) / dt(x[i-1], n)))

x[i] <- y else {

x[i] <- x[i-1]

k <- k + 1

}

}

return(list(x=x, k=k))

}

n <- 4 #degrees of freedom for target Student t dist.

N <- 2000

sigma <- c(.05, .5, 2, 16)

x0 <- 25

rw1 <- rw.Metropolis(n, sigma[1], x0, N)

rw2 <- rw.Metropolis(n, sigma[2], x0, N)

rw3 <- rw.Metropolis(n, sigma[3], x0, N)

rw4 <- rw.Metropolis(n, sigma[4], x0, N)

#rate of candidate points rejected

print(c(rw1$k, rw2$k, rw3$k, rw4$k)/N)

↓Code
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þão«���ÀJ, �k1n�ó�áýÇ3«m[0.15,0.5]�m. ·��±

3ØÓ�JÆ©Ù��e, u�¤�ó�Âñ5.

↑Code
par(mfrow=c(2,2)) #display 4 graphs together

refline <- qt(c(.025, .975), df=n)

rw <- cbind(rw1$x, rw2$x, rw3$x, rw4$x)

for (j in 1:4) {

plot(rw[,j], type="l",

xlab=bquote(sigma == .(round(sigma[j],3))),

ylab="X", ylim=range(rw[,j]))

abline(h=refline)

}

par(mfrow=c(1,1)) #reset to default

↓Code

�±wÑ: σ2 = 0.05�, Oþ��, A�z�ÿÀ:Ñ��É
, ó32000g

S���vkÂñ. σ2 = 0.5�, ó�Âñ�ú. σ2 = 2�, óé¯Âñ. 

�σ2 = 16�, �É�VÇ��, ¦��Ü©ÿÀ:Ñ�áý, ó�,Âñ
,
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�´�Çé$. (I��õ�$1�mâU���½�ê��Åê).

~~~ 4 ���ÅÅÅiiiÄÄÄMetropolis���{{{eee������ÅÅÅêêê©©©   êêêÚÚÚnnnØØØ©©©   êêê'''���

3þ~¥, dunØ©Ù´®��, ·��±'���© êÚnØ© 

ê.

↑Code
a <- c(.05, seq(.1, .9, .1), .95)

Q <- qt(a, n)

rw <- cbind(rw1$x, rw2$x, rw3$x, rw4$x)

mc <- rw[501:N, ]

Qrw <- apply(mc, 2, function(x) quantile(x, a))

print(round(cbind(Q, Qrw), 3))

xtable::xtable(round(cbind(Q, Qrw), 3)) #latex format

↓Code

~~~ 5 (������dddíííäää: ������{{{üüü���ÝÝÝ]]]���...) ��, ØÓ�Ý]¤��£�
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´ØÕá�. �
~�ºx, Ïd¦^Ý]|Ü±�ykdy �£�´K

�'�. ùpØ?Ø£���'5, ´ézU|Üp�z�y �ÂÃ ?

1üS. b�k5«�¦��lP¹
250��´FzU�Ly, 3z���

´F, ÂÃ����¦�IPÑ5. ^XiL«�¦i3250��´F¥�Ñ�

Uê, KP¹���ªê(x1, · · · , x5)��ÅCþ(X1, · · · , X5) �*ÿ. Äu

{¤êâ, b�ù5«�¦3?Û�½����´FU�Ñ�k�Å¬'Ç

�1 : (1− β) : (1− 2β) : 2β : β, ùpβ ∈ (0, 0.5) ´�����ëê. 3k


�cù250��´F�êâ�, ¦^Bayes�{éd'~?1�#.

�âcã, (X1, · · · , X5)3�½β�^�eÑlõ�©Ù, VÇ�þ�

p =

(
1

3
,

1− β
3

,
1− 2β

3
,

2β

3
,
β

3

)
Ïd��©Ù�

P (β|x1, · · · , x5) =
250!

x1! · · ·x5!
px11 px22 px33 px44 px55 .
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·�ØU��ld��©Ù¥�)�Åê. �«�Oβ��{´�)��

ó, ¦Ù²©Ù�d��©Ù, ,�l�)�ó¥Ä�5�Oβ. ·�ùp¦

^�ÅiÄMetropolis�{, 3JÆ©Ù�þ!©Ùe, �)8I��©Ù�

�Åê. d�, �É�VÇ�

α(Xt, Y ) = min{1,
f(Y )

f(Xt)
}.

Ù¥

f(Y )

f(Xt)
=

(1/3)x1 ((1− Y )/3)x2 ((1− 2Y )/3)x3 ((2Y )/3)x4 (Y/3)x5

(1/3)x1 ((1−Xt)/3)x2 ((1− 2Xt)/3)x3 ((2Xt)/3)x4 (Xt/3)x5
.

dª�±?�Ú{z.

·�Äk)¤*ÿêâ:

↑Code
b <- .2 #actual value of beta

w <- .25 #width of the uniform support set

m <- 5000 #length of the chain

burn <- 1000 #burn-in time
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days <- 250

x <- numeric(m) #the chain

# generate the observed frequencies of winners

i <- sample(1:5, size=days, replace=TRUE,

prob=c(1, 1-b, 1-2*b, 2*b, b))

win <- tabulate(i)

print(win)

↓Code

e¡¦^�ÅiÄMetropolis�{)��Åê:

↑Code
prob <- function(y, win) {

# computes (without the constant) the target density

if (y < 0 || y >= 0.5)

return (0)

return((1/3)^win[1] *

((1-y)/3)^win[2] * ((1-2*y)/3)^win[3] *

((2*y)/3)^win[4] * (y/3)^win[5])

}
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# Random Walk Metropolis algorithm

u <- runif(m) #for accept/reject step

v <- runif(m, -w, w) #proposal distribution

x[1] <- .25

for (i in 2:m) {

y <- x[i-1] + v[i]

if (u[i] <= prob(y, win) / prob(x[i-1], win))

x[i] <- y

else

x[i] <- x[i-1]

}

↓Code

ó�´»ãw«ó®²Âñ�8I©Ù.

↑Code
par(mfrow=c(1,2))

plot(x, type="l")

abline(h=b, v=501, lty=3)

xb <- x[- (1:501)]
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hist(xb, prob=TRUE, xlab=bquote(beta), ylab="X", main="")

z <- seq(min(xb), max(xb), length=100)

lines(z, dnorm(z, mean(xb), sd(xb))
↓Code

l�)��Åê3¿ïÐ©�burn-inÜ©��±^5�Oβ. β��O, �

�ªÇÚMCMC�O�õ�©ÙVÇdXe�è�Ñ:

↑Code
print(win)

print(round(win/days, 3))

print(round(c(1, 1-b, 1-2*b, 2*b, b)/3, 3))

xb <- x[(burn+1):m]

print(mean(xb))

print(sd(xb))

↓Code
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1.2.4 The Independence Sampler

MH�{�,��AÏ�/´ÕáÄ�(Independence Sampler). ÕáÄ�¥

�JÆ©ÙØ�6uó�c�ÚG��. Ïd g(Y |Xt) = g(Y ), �ÉVÇ�

α(Xt, Y ) = min{1,
f(Y )g(Xt)

f(Xt)g(Y )
}.

ÕáÄ��{N´¢�, �3JÆ©ÙÚ8I©Ùé�C��ªuLy

éÐ, �´�JÆ©ÙÚ8I©Ù�Oé��, ÙLyÒ��. Robert2 ?Ø


ÕáÄ��Âñ5, ¿�`�:” ÕáÄ��{��üÕ��{é�´k^

�”. �´Ø+No�, ·� E,^e~5`²ù«�{�A^.

~~~ 6 (ÕÕÕáááÄÄÄ���) b�l����·Ü©Ù

pN(µ1, σ
2
1) + (1− p)N(µ2, σ

2
2)

2Roberts, G.O., Markov Chain concepts related to sampling algorithms. In W.R.
Gilks, S. Richardson, and D.J. Spiegelhalter, editors, Markov Chain Monte Carlo in
Pratice, Pages 45-58. Chapman & Hall, 1996
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¥*ÿ�����(z1, · · · , zn). ¯K´�Op.

w,, ·Ü����Ý�

f(z) = pf1(z) + (1− p)f2(z),

Ù¥f1, f2©O�ü�����Ý.

JÆ©Ù�| ATÚp�����(0, 1)�Ó, �²w�ÀJÒ´Beta©

Ù.3vkk�&E��¹e,�±¦^Beta(1, 1)��JÆ©Ù.(Beta(0, 1)�U(0, 1))

ÿÀ:Y��É�VÇ�

α(Xt, Y ) = min{1,
f(Y )g(Xt)

f(Xt)g(Y )
}.

Ù¥g�BetaJÆ©Ù�Ý.Ïd,eJÆ©Ù�Beta(a, b),Kg(y) ∝ ya−1(1−

y)b−1, Y��É�VÇ�min{1, f(y)g(xt)/g(y)f(xt)}, Ù¥

f(y)g(xt)

g(y)f(xt)
=

xa−1
t (1− xt)b−1

∏n
j=1[yf1(zj) + (1− y)f2(zj)]

ya−1(1− y)b−1
∏n
j=1[xtf1(zj) + (1− xt)f2(zj)]

.
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e¡·�?1�[, JÆ©Ù��U(0, 1). *ÿêâleã��·Ü¥�

)

0.2N(0, 1) + 0.8N(5, 1)

↑Code
m <- 5000 #length of chain

xt <- numeric(m)

a <- 1 # a<-5 #parameter of Beta(a,b) proposal dist.

b <- 1 # b<-2 #parameter of Beta(a,b) proposal dist.

p <- .2 #mixing parameter

n <- 30 #sample size

mu <- c(0, 5) #parameters of the normal densities

sigma <- c(1, 1)

# generate the observed sample

i <- sample(1:2, size=n, replace=TRUE, prob=c(p, 1-p))

x <- rnorm(n, mu[i], sigma[i])

# generate the independence sampler chain

u <- runif(m)

y <- rbeta(m, a, b) #proposal distribution

xt[1] <- .5
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for (i in 2:m) {

fy <- y[i] * dnorm(x, mu[1], sigma[1]) +

(1-y[i]) * dnorm(x, mu[2], sigma[2])

fx <- xt[i-1] * dnorm(x, mu[1], sigma[1]) +

(1-xt[i-1]) * dnorm(x, mu[2], sigma[2])

r <- prod(fy / fx) *

(xt[i-1]^(a-1) * (1-xt[i-1])^(b-1)) /

(y[i]^(a-1) * (1-y[i])^(b-1))

if (u[i] <= r) xt[i] <- y[i]

else xt[i] <- xt[i-1]

}

↓Code

ó�´»ãÚ¿K100�burn-in������ã�èXe

↑Code
plot(xt, type="l", ylab="p")

hist(xt[101:m], main="", xlab="p", prob=TRUE)

print(mean(xt[101:m]))
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↓Code

ó��mG�ãw«ó·Ü�éÐ, é¯Âñ�²©Ù. �'�JÆ©Ù�

ØÓÀJ, ·�3JÆ©Ù��Beta(5, 2)5EþãL§, �±wÑ, d��

)�ó�Ç�$.

1.3 Single-component Metropolis Hastings Al-
gorithms

�G��m�õ��, Ø�N�#Xt, ´éÙ©þ?1Å��#, =¡

�Single-component Metropolis Hastings, ½ö Component-wise Metropo-

lis Hastings, ½ö Gibbs within Metropolis. ù�� ��BÚ�k�Ç. P

Xt = (Xt,1, . . . , Xt,k),

Xt,−i = (Xt,1, . . . , Xt,i−1, Xt,i+1, . . . , Xt,k).
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©OL«31tÚó�G�, ±931tÚØ1i�©þ	Ù¦©þ�G�.

f(x) = f(x1, · · · , xk) �8I©Ù, f(xi|x−i) =
f(x)∫

f(x1,··· ,xk)dxi
L«Xié

Ù¦©þ�^��Ý.

KÅ©þ�MH�{�#Xt´dkÚ�¤: -Xt,iL«31tgS��Xt1i�

©þ�G�, K31t+ 1ÚS��1iÚ¥, ¦^MH�{�#Xt,i. �{Xe:

éi = 1, · · · , k, l1i�JÆ©Ùqi(·|Xt,i, X∗t,−i)¥�)Yi, ùp

X∗t,−i = (Xt+1,1, . . . , Xt+1,i−1, Xt,i+1, . . . , Xt,k).

,�±VÇ

α(X∗t,−i, Xt,i, Yi) = min{1,
f(Yi|X∗t,−i)qi(X∗t,i|Yi, X∗t,−i)
f(Xt,i|X∗t,−i)qi(Yi|Xt,i, X∗t,−i)

eYi��É, K-Xt+1,i = Yi; ÄK-Xt+1,i = Xt,i.
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1.4 Application: Logistic regression

~~~ 7 ���ÄÄÄ54   PPPccc<<<������åååÿÿÿÁÁÁ¤¤¤111(Wechesler Adult Intelligence

Scale, WAIS, 0-20©©©). ïïïÄÄÄ���,,,���333uuuuuuyyyPPPccc°°°���www.

·�æ^Xe{ü�logistic£8�.:

Yi ∼ Bin(1, πi), log
πi

1− πi
= β0 + xiβ1, i = 1, . . . , 54.

Kq,¼ê�

f(y|β0, β1) =
n∏
i=1

(
eβ0+xiβ1

1 + eβ0+xiβ1

)yi ( 1

1 + eβ0+xiβ1

)1−yi

= exp{nȳβ0 + β1

n∑
i=1

xiyi − log(1 + eβ0+xiβ1 )}.

�Äβ0, β1�k�©Ùπ�Õá���©Ù:

βj ∼ N(µβj , σ
2
j ), j = 0, 1.
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Ù¥µβj = 0, σ2
jé�, ±L«�CÃ&Ek�. l��©Ù�

f(β0, β1|y) ∝ f(y|β0, β1)π(β0, β1)

∝ exp{
n∑
i=1

[(β0 + β1xi)yi − log(1 + eβ0+xiβ1 )]

−
(β0 − µβ0 )2

2σ2
0

−
(β1 − µβ1 )2

2σ2
1

}.

l·�I�ld©Ù¥�)�Åê.

·��ÄXen«Ä��{.

1. ÕÕÕáááÄÄÄ���

JÆ©Ù��

β′ ∼ q = N(β, diag{s̄2β0 , s̄
2
β1
})

K�{Xe

ét = 1, · · · , T :

1. -β = (β
(t−1)
0 , β

(t−1)
1 ).
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2. lJÆ©ÙN(β, diag{s̄2β0 , s̄
2
β1
})�)ÿÀ:β′.

3. O��ÉVÇ

α(β, β′) = min{1,
f(y|β′0, β′1)q(β′0, β

′
1)

f(y|β0, β1)q(β0, β1)
}

4. ±VÇα(β, β′)�Éβ′, ¿-β(t) = β′; ÄK-β(t) = β. R§S�èXe

↑Code
wais-read.table (.wais. txt. ,header=TRUE)

y<-wais[,2]; x<-wais[,1]

m <- 55000 #length of chain

mu.beta<-c(0,0); sigma.beta<-c(100,100)

prop.s<-c(0.1,0.1) #proposal distribution standard variance

beta <- matrix(nrow=m, ncol=2)

acc.prob <- 0

current.beta<-c(0,0)

for (t in 1:m){

prop.beta<- rnorm(2, current.beta, prop.s )

cur.eta<-current.beta[1]+current.beta[2]*x

prop.eta<-prop.beta[1]+prop.beta[2]*x

loga <-(sum(y*prop.eta-log(1+exp(prop.eta)))
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-sum(y*cur.eta-log(1+exp(cur.eta)))

+sum(dnorm(prop.beta, mu.beta,s.beta,log=TRUE))

-sum(dnorm(current.beta,mu.beta,s.beta,log=TRUE)))

u<-runif(1)

u<-log(u)

if( u < loga) {

current.beta<-prop.beta

acc.prob <- acc.prob+1

}

beta[t,]<-current.beta

}

acc.prob<-acc.prob/m

acc.prob

↓Code

·��±x�eó���´»ã, ±9H{þ�ã:

↑Code
# convergence diagnostics plot

erg.mean<-function( x ){ # compute ergodic mean

n<-length(x)
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result<-cumsum(x)/cumsum(rep(1,n))

}

burnin<-15000

idx<-seq(1,m,50)

idx2<-seq(burnin+1,m)

par(mfrow=c(2,2))

plot(idx,beta[idx,1],type="l",xlab="Iterations",ylab="Values of beta0")

plot(idx,beta[idx,2],type="l",xlab="Iterations",ylab="Values of beta1")

ergbeta0<-erg.mean(beta[,1])

ergbeta02<-erg.mean(beta[idx2,1])

ylims0<-range(c(ergbeta0,ergbeta02))

ergbeta1<-erg.mean(beta[,2])

ergbeta12<-erg.mean(beta[idx2,2])

ylims1<-range(c(ergbeta1,ergbeta12))

plot(idx , ergbeta0[idx], type=’l’, ylab=’Values of beta0’, xlab=’Iterations’,

main=’(c) Ergodic Mean Plot of beta0’, ylim=ylims0)

lines(idx2, ergbeta02[idx2-burnin], col=2, lty=2)

plot(idx, ergbeta1[idx], type=’l’, ylab=’Values of beta1’, xlab=’Iterations’,

main=’(d) Ergodic Mean Plot of beta1’, ylim=ylims1)

lines(idx2, ergbeta12[idx2-burnin], col=2, lty=2)
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apply(beta[(burnin+1):m,],2,mean)

apply(beta[(burnin+1):m,],2,sd)

↓Code

5¿�3ÕáÄ��{�)�ó¥, β0Úβ1kér�K�'5:

cor(beta[(burnin+1):m,1],beta[(burnin+1):m,2])=-0.954.

ù´óÂñéú��Ï. 3pÝ�'��mþ¦^Õá�JÆ©Ù��ó�·

Ü�Ç$e.

MH���{{{: õõõ���������JJJÆÆÆ©©©ÙÙÙ

3ÕáÄ�¥, ·�¦^�JÆ©Ù´�pÕá�, l��ó�·Ü�Ç

$e. Ïd, g,,�·� �±�Ä�Õá�JÆ©Ù. JÆ©Ù�'
A

TÚ��©Ù��'
aq. �d, �±�Ä|^ Fisher &E
H(β), JÆ

©Ù��

β′ ∼ q = N(β, c2β [H(β)]−1).
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Ù¥cβ��N!ëê, ±¦�{��ý���ÉÇ. dq,¼ê, N´O��

�Fisher&E
�

H(β) = XT diag(hi)X + Σ−1
β ,

Ù¥Σβ�β�k����Ý
, hi = exp(β0 + β1xi)/(1 + exp(β0 + β1xi))
2.

X = (1n, x)��2× n�Ý
.

lMH�{Xe

ét = 1, · · · , T :

1. -β = (β
(t−1)
0 , β

(t−1)
1 ).

2. O�Fisher&E


diag(hi) = diag{
exp(β0 + β1xi)

(1 + exp(β0 + β1xi))2
, }

H(β) = XT diag(hi)X + Σ−1
β , Sβ = c2β [H(β)]−1.

2. lJÆ©ÙN(β, Sβ)�)ÿÀ:β′.
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3. O��ÉVÇ

α(β, β′) = min{1,
f(y|β′0, β′1)π(β′0, β

′
1)

f(y|β0, β1)π(β0, β1)

q(β|β′, Sβ′ )

q(β′|β, Sβ)
}

4. ±VÇα(β, β′)�Éβ′, ¿-β(t) = β′; ÄK-β(t) = β. R§S�èXe

↑Code
calculate.loglike<-function(b,X=x,Y=y){

x<-X; y<-y

n<-length(x); X<-cbind( rep(1,n), x )

precision<-700

eta<-b[1]+b[2]*x

logq <- log(1+exp(eta))

logq[eta>precision]<-eta[eta>precision]

loglike<- sum( y*eta - logq )

eta[eta>precision]<-precision

h <- 1/((1+exp(-eta))*(1+exp(eta)))

H <- t(X) %*% diag( h ) %*% X

return( list(loglike=loglike, H=H) )

}

#---------------------------------------
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library(MASS)

y=wais[,2]

x=wais[,1]

prop.sd=0.3

m=2500

beta0=c(0,0)

n<-length(y)

X<-cbind(rep(1,n), x )

mu.beta<-c(0,0)

s.beta<-c(100,100)

c.beta<- prop.sd

beta <- matrix(nrow=Iterations, ncol=2)

acc.prob <- 0

current.beta<-beta0

for (t in 1:m){

cur<-calculate.loglike( current.beta )

cur.T<-(1/c.beta^2)*(cur$H+diag(1/s.beta^2))

prop.beta<- mvrnorm( 1, current.beta, solve(cur.T))

prop<-calculate.loglike( prop.beta )

prop.T <- (1/c.beta^2)* (prop$H+diag(1/s.beta^2))
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loga <-( prop$loglike-cur$loglike

+sum(dnorm(prop.beta,mu.beta,s.beta,log=TRUE))

-sum(dnorm(current.beta,mu.beta,s.beta,log=TRUE))

+ as.numeric(0.5*log( det(prop.T) )

- 0.5 * t(current.beta - prop.beta) %*% prop.T %*% (current.beta - prop.beta))

- as.numeric(0.5*log( det(cur.T ) )

- 0.5 * t(prop.beta - current.beta) %*% cur.T %*% (prop.beta- current.beta )) )

u<-runif(1)

u<-log(u)

if( u < loga ) {

current.beta<-prop.beta

acc.prob <- acc.prob+1

}

beta[t,]<-current.beta

}

print(acc.prob/m)

↓Code

3O�exp(η)�, du3R¥, exp(710) = Inf , Ïd·�éη > 700, �Cq

log(1 + exp(η)) ≈ η.
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éó�Âñ�ä�±wÑ, ó·Ü��Çép.

ÅÅÅ©©©þþþ���MH���{{{

3MH�{¥, U©þ?1Å��#, Ù`³3�A^�B, ØI��ÄN

!ëê. �{Xe:

ét = 1, · · · , T :

1. -β = (β
(t−1)
0 , β

(t−1)
1 )T .

2. lJÆ©ÙN(β0, s̄2β0 )�)ÿÀ:β′0.

3. -β′ = (β′0, β
(t−1)
1 )T , O��ÉVÇ

α0(β, β′) = min{1,
f(y|β′0, β1)π(β′0, β1)

f(y|β0, β1)π(β0, β1)
}

4. ±VÇα0(β, β′)�Éβ = β′; ÄK�±Ù�ØC.

5. lJÆ©ÙN(β1, s̄2β1 )�)ÿÀ:β′1.

6. -β′ = (β0, β′1)T , O��ÉVÇ

α1(β, β′) = min{1,
f(y|β0, β′1)π(β0, β′1)

f(y|β0, β1)π(β0, β1)
}
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7. ±VÇα1(β, β′)�Éβ = β′; ÄK�±Ù�ØC.

8. -β(t) = β.

R¢y�èXe

↑Code
y<-wais[,2]

x<-wais[,1]

m<-10000

beta0<-c(0,0) #initial value

mu.beta<-c(0,0) # prior

s.beta<-c(100,100) # prior

prop.s<-c(1.75,0.2) # sd of proposal normal

beta <- matrix(nrow=m, ncol=2)

acc.prob <-c(0,0)

current.beta<-beta0

for (t in 1:m){

for (j in 1:2){

prop.beta<- current.beta

prop.beta[j]<- rnorm( 1, current.beta[j], prop.s[j] )

cur.eta <-current.beta[1]+current.beta[2]*x

prop.eta<-prop.beta[1]+prop.beta[2]*x
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if(sum(prop.eta>700)>0) {print(t); stop;}

if(sum(cur.eta >700)>0) {print(t); stop;}

loga <-(sum(y*prop.eta-log(1+exp(prop.eta)))

-sum(y*cur.eta-log(1+exp(cur.eta)))

+sum(dnorm(prop.beta,mu.beta,s.beta,log=TRUE))

-sum(dnorm(current.beta,mu.beta,s.beta,log=TRUE)))

u<-runif(1)

u<-log(u)

if(u< loga){

current.beta<-prop.beta

acc.prob[j] <- acc.prob[j]+1

}

}

beta[t,]<-current.beta

}

print(acc.prob/m)
↓Code

ó�Âñ�äw«
�'uÕá�MH�{, ·Ü��Ç�p�õ.
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