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Chapter 1

Numerical optimization methods in R

1.1 Root-finding in one dimension

b�f : R→ R��ëY¼ê, K�§f(x) = c��x, ÷vg(x) = f(x)− c =

0. Ïd·� ��Äf(x) = 0/ª��§¦�¯K. ¦^ê��{¦d

�§��, �±ÀJ´¦^f����ê�´ Ø¦^�ê��{. New-

ton�{½öNewton-Raphson�{´¦^���ê��{, 
Brent��

�z �{1´Ø¦^�ê��«¦��{. 3R¥, ¼êunirootÒ´Ä

uBrent�¦��{. T�{�Fortran §S
�è�±3e¡��þé

�http://www.gnu.org/software/gsl/.

1R. Brent. Algorithms for minimization without derivatives. Prentice-Hall, New
Jersey, 1973
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1.1.1 Bisection method

XJf(x)3«m[a, b]þëY, ±9f(a)Úf(b)k���ÎÒ, Kd¥�½n�

� �3a < c < b, ¦�f(c) = 0. �©{ÏL3zgS�¥{ü��äf(x)3

¥:x = (a+ b)/2?�ÎÒ5Ï¦ �§��. XJf(a)Úf(x)k���ÎÒ,

K«mÒ�[a, x]O�, ÄKÒ�[x, b]O�. 3zgS�¥, �¹��«m�Ý

~���. =

1. Pa0 = a, b0 = b, ±9x(0) = (a+ b)/2.

2. �#«m�

[at+1, bt+1] =

{
[at, x(t)], f(at)f(x(t)) ≤ 0

[x(t), bt], f(at)f(x(t)) > 0

±9 x(t+1) = (at+1 + bt+1)/2.

3. Ì�2����ÂñOK.

~^�ÂñOKk
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ýýýéééÂÂÂñññ

|x(t+1) − x(t)| < ε

Ù¥ε´À½��N=�°Ý. éu�©{, �±�y

bt − at = 2−t(b0 − a0)

Ïd, �2−(t+1)(b0 − a0) < δ�, =t > log2{(b0 − a0)/δ} − 1, ò��N=

°Ý|x(t) − x∗| < δ.

�±wÑ, �©{Ø¬��, ���½°Ý¤I��S�gê�´¯k�±

���. XJ3«m[a, b]p �§kõ��, K�©{¬é����. �©{�

Âñ�Ý´�5�.

���éééÂÂÂñññ

�éÂñOK�¦
|x(t+1) − x(t)|
|x(t)|

< ε
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�Ê�S�. dOK�±Ø�Äx�ü ��¹e���½�°Ý.

~~~1 )�§

a2 + y2 +
2ay

n− 1
= n− 2

Ù¥a�~ê, n > 2���ê. w,, �§�)�

y = −
a

n− 1
±
√
n− 2 + a2 + (

a

n− 1
)2

e¡·�¦^�©{¦d�§���ê�). ·�Äk�é ��«m, '

X(0, 5n), ¦�¼êf(y) = a2 + y2 + 2ay
n−1

− n+ 23«müàkXØÓ�Î

Ò. ,�=�±¦^�©{.

↑Code
a <- 0.5

n <- 20

cat("true roots",-a/(n-1)-sqrt(n-2-a^2+(a/(n-1))^2),

-a/(n-1)+sqrt(n-2-a^2+(a/(n-1))^2),"\n")

bisec<-function(b0,b1){
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f <- function(y, a, n) {

a^2 + y^2 + 2*a*y/(n-1) - (n-2)

}

#solve using bisection

it <- 0

eps <- .Machine$double.eps^0.25

r <- seq(b0, b1, length=3)

y <- c(f(r[1], a, n), f(r[2], a, n), f(r[3], a, n))

if (y[1] * y[3] > 0)

stop("f does not have opposite sign at endpoints")

while(it < 1000 && abs(y[2]) > eps) {

it <- it + 1

if (y[1]*y[2] < 0) {

r[3] <- r[2]

y[3] <- y[2]

} else {

r[1] <- r[2]

y[1] <- y[2]

}

r[2] <- (r[1] + r[3]) / 2

y[2] <- f(r[2], a=a, n=n)
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print(c(r[1], y[1], y[3]-y[2]))

}

}

bisec(0,5*n)
↓Code

°(�)�y = 4.186841,−4.239473.

1.1.2 Brent’s method

�©{´�«AÏ�)\��{. Brent ÏL_�g���{ò)\

��{Ú�©{(Üå5. Ù¦^y��g¼ê5[Üx. XJn�:

�(a, f(a)), (b, f(b)), (c, f(c)), Ù¥b ��c�Ð��O, KÏLLagrangeõ

�ª���{(y = 0)é�§��?1�O,

x =
[y − f(a)][y − f(b)]c

[f(c)− f(a)][f(c)− f(b)]
+

[y − f(b)][y − f(c)]a

[f(a)− f(b)][f(a)− f(c)]

Previous Next First Last Back Forward 6



+
[y − f(c)][y − f(a)]b

[f(b)− f(c)][f(c)− f(a)]

3R¥, ¼êunirootÒ´A^Brent�{¦)���§�ê��.

~~~2 A^uniroot¦~1¥�§��.

↑Code
a <- 0.5

n <- 20

out <- uniroot(function(y) {

a^2 + y^2 + 2*a*y/(n-1) - (n-2) },

lower = 0, upper = n*5)

unlist(out)

uniroot(function(y) {a^2 + y^2 + 2*a*y/(n-1) - (n-2)},

interval = c(-n*5, 0))$root
↓Code

¼êpolyroot¦��Xê�Eê�õ�ª��. Ïd, d~�¯K¦

^polyroot¼ê�
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↑Code

polyroot(c(a^2-(n-2),2*a/(n-1),1))
↓Code

1.1.3 Newton’s method

Newton�{´�«¯�¦���{, k��¡�Newton-RaphsonS��{.

b�f(x)´ëY����, �f ′(x) 6= 0. b�·���¦�x, ·�®²k


�c���Cq�xn, Kdeã�±wÑ, ÏL�êL«�Çù�A:, �±

�Ñx����Ð�Cq.
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=

f ′(xn) =
f(xn)− 0

xn − xn+1

u´, )þã�§��

xn+1 = xn −
f(xn)

f ′(xn)
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Newton �{��±^u��z½ö��z��8I¼ê, du8I¼

êg34�:?��ê�", Ïd� �z½ö��z�du¦�§�:

g′(x) = 0

l
S�¦)�

xn+1 = xn −
f ′(xn)

f ′′(xn)

~~~ 3 ¦^Newton�{¦~1�§��.

↑Code
nt<-function(b0){

a <- 0.5

n <- 20

f <- function(y, a, n) {

a^2 + y^2 + 2*a*y/(n-1) - (n-2)

}

fd<-function(y,a,n){

2*y+2*a/(n-1)

}
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b1<-b0

b0<-b0-1

eps <- .Machine$double.eps^0.25

it<-0

while(it<1000 && abs(b1-b0)>eps){

it<-it+1

b0<-b1

b1<-b0-f(b0,a,n)/fd(b0,a,n)

cat(it,c(b0,b1,abs(b1-b0)),"\n")

}

}
↓Code

Newton �{�6uf�/GÚÐ�. eã�~f`²Newton�{lÐ�

m©ÒuÑ.
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·�e¡©Û�e��üÚ�m��É. b�f����ê�3ë

Y,�f ′(x∗) 6= 0. Ï� f ′(x∗) 6= 0�f ′3x∗?ëY, K7�3x∗����

�, ¦�3d«�p, f ′(x) 6= 0. ½Âεt = xt − x∗. ±e·�=3d��S�

Ä.

dTaylorÐmªk

0 = f(x∗) = f(xt) + (x∗ − xt)f ′(xt) +
(xt − x∗)2

2
f ′′(ξ)
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Ù¥ξ uxtÚx∗�m. �n��

xt + ht − x∗ = (x∗ − xt)2
f ′′(ξ)

2f ′(xt)

Ù¥ht = − f(xt)
f ′(xt)

L«Newton�#Oþ. dª�>�uxt+1 − x∗, Ïdk

εt+1 = ε2t
f ′′(ξ)

2f ′(xt)

yé,�δ > 0, �Äx∗���Nδ(x∗) = [x∗ − δ, x∗ + δ], P

c(δ) = max
x1,x2∈Nδ(x∗)

|
f ′′(ξ)

2f ′(xt)
|

du�δ → 0�, c(δ) → | f
′′(x∗)

2f ′(x∗) |, ¤±�δ → 0�, δ × c(δ) → 0. ÏdÀ

Jδ,¦�δ × c(δ) < 1, u´

|c(δ)εt+1| = |c(δ)ε2t
f ′′(ξ)

2f ′(xt)
| ≤ (c(δ)εt)

2
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b���Ð�÷v|ε0| = |x0 − x∗| ≤ δ, Kk

|εt| ≤
(c(δ)δ)2t

c(δ)

Ïd, �t→∞�, þªªu0.

l
·�y²
Xe(Ø

Theorem 1. e¼êf����ëY, �x∗��§f(x) = 0���ü�, K�

3x∗ �����, �Ð��d��S?�:�, Newton�{���)ÑÂñ

�x∗.

,	, �f�����ëY, �à¼ê���3, KÃØÐ�XÛ�,

Newton�{ÑÂñ�d�.

¡,��{�Âñ�ê�β, XJ lim
t→∞

εt = 0�

lim
t→∞

|εt+1|
|εt|β

= c

Ù¥c 6= 0�β > 0.
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éuNewton�{, du

εt+1

ε2t
=

f ′′(ξ)

2f ′(xt)

ÏdNewton�{´�gÂñ�.

Newton þþþììì{{{ (Newton downhill method)

3¦�§f(x) = 0���L§¥, �
;�uÑ½öS�gê�O\ù
�¹,

�±2N\��^�,

f(xn+1) < f(xn)

±�y¼êüNeü. òd^�ÚNewton�{(Üå5, =¡�Newtoneì

{. d�S��§�±��

xn+1 = xn − λ
f ′(xn)

f ′′(xn)
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Ù¥0 < λ <= 1¡�eìÏf. λ���´ÅÚÁ&�, ÄkÀJλ = 1, ,�

òλÅÚ~�?1Á�. eN\^�÷v, Keì¤õ; ÄK, eì�}, I�,

ÀÐ�2Á.

~~~4 ¦�§x3 − x− 1 = 03x = 1.5NC����.

eÐ���x0 = 0.6, K¦^Newton�{1�gS���x1 = 17.9��

 l
�§31.5NC��. Ïd S�L§�UuÑ½öS�gêO\. e¦

^Newtoneì{, ÀJλ = 1/32, Kx1 = 1.40625, '� �C�§��.

������{{{( Secant method)

3Newton�{¥, I�O�f��ê, XJf��êéJO�, K�±¦^lÑ

�©5Cq�:

xn+1 = xn − f(xn)
xn − xn−1

f(xn)− f(xn−1)

¡d�{���{. d�{I�ü�Ð�x0, x1. �±y², ��{�Âñ�Ý

�$uNewton�{.
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1.1.4 Fisher scoring

3¦)MLE¯Kp, d��du¦�§

f ′(θ) = 0

��. f ′L«éêq,¼ê��ê. Ïd¦^Newton�{S��§�

θn+1 = θn −
f ′(θn)

f ′′(θn)

5¿�d�−1/f ′′(θ) = I(θ), Ïd¦^Fisher&Eþ, S��§�

θn+1 = θn + f ′(θn)[I(θn)]−1

¡d�{�Fisher�©{.

Fisher�©{ÚNewton{äk�Ó�ìC5�, �éu�O¯K, ���

U',��´uO�½©Û. ��5ù, Fisher�©{3S��Ð�J²w,


Newton�{K3S�(åc�J²w.
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1.2 multivariate optimization

38I¼ê�õ��, Xf(x) = f(x1, · · · , xp), -x(t) = (x
(t)
1 , · · · , x(t)p L

«31tÚS����O. Kc¡J���{���´·^uù«|Ü�. Âñ

OK ��±aq���

D(u, v) =

p∑
i=1

|ui − vi|, ½ö D(u, v) =

√√√√ p∑
i=1

(ui − vi)2

u´ýéÂñOKÚ�éÂñOK©O�

D(x(t+1),x(t)) < ε

Ú
D(x(t+1),x(t))

D(x(t), 0)
< ε
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1.2.1 Newton’s method and Fisher scoring

·�éf(x∗)���Taylor%C

f(x∗) = f(x(t)) + (x∗−x(t))T f ′(x(t)) +
1

2
(x∗−x(t))T f ′′(x(t))(x∗−x(t))

,�'ux∗��zd%C, ±��e�Ú��#�. -þª�FÝ�0,��

f ′(x(t)) + f ′′(x(t))(x∗ − x(t)) = 0

l
���#�§

x(t+1) = x(t) − [f ′′(x(t))]−1f ′(x(t))

XJ¦^��Ý
M(t)5CqHessian
, K

x(t+1) = x(t) − [M(t))]−1f ′(x(t))

da�{¡�Quasi-Newton�{.
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ÓüCþ�/, 3¦)MLE¯K¥, ·��±¦^Fisher&E
3θ(t)?�

� 5O�Hessian
, =

θ(t+1) = θ(t) + I−1(θ(t))f ′(θ(t))

ùpfL«éêq,¼ê.

1.3 Numerical Integration

ê�È©�{�±´g·A�½ö�g·A�. ê�È©�{ o´ÏL��

k�:8þ¼ê��\�Ú�/ª5�OÈ©�,∫ b

a
f(x)dx ≈

n∑
i=0

f(xi)wi

Ù¥wi��­. À�ù
:8Ú�­�ØÓ�{, ¬���OÈ©�°ÝØÓ.

Ïd, o´ �±ÏLÈ©°Ý5µdØÓ�ê�È©�{. �g·A��{3

È©«�þ¦^Ó��OK. éõ�g·A �ê�È©�{Ñ´ÏLïá�

�¼ê5�OÈ©. ~��k
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ÝÝÝ///{{{KKK(Rectangle rule)

�{ü���¼êÒ´~ê¼ê, ÙÏL:(a+b
2
, f(a+b

2
)), Ïd∫ b

a
f(x)dx ≈ (b− a)f(

a+ b

2
)

FFF///{{{KKK(Trapezoidal rule)

��¼ê�±´����¼ê(affine function, 1gõ�ª),ÙÏL:(a, f(a))Ú(b, f(b)),

= ∫ b

a
f(x)dx ≈ (b− a)

f(a) + f(b)

2

···ÜÜÜ���FFF///{{{KKK(Composite trapezoidal rule)

3È©«m�k�«m�, ò«m[a, b]©���Ý�Ó�n�f«m, z�

�Ý�h = (b − a)/n, z�«m�à:�a = x0, x1, · · · , xn = b, ¦^F

/�¡È5Cqz�f«mþ�È©�, X3«m(xi, xi+1) þ, F/¡È
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�(f(xi) + f(xi+1))h/2. Ïd��«mþÈ©��O�

h

2
f(a) + h

n−1∑
i=1

f(xi) +
h

2
f(b)

Newton-Cotes úúúªªª

òÈ©«m©���må�n�f«m, ��:8(x0, f(x0)), (x1, f(x1)),

· · · , (xn, f(xn)), ,�ÏLùn+ 1�:�Engõ�ªL(x).∫ b

a
f(x)dx ≈

n∑
i=0

f(xi)

∫ b

a
li(x)dx

Gaussian quadrature

XJ·�#NÈ©«m[a, b]�±©��Ø�må�«m, ¦^���n + 1�

:�ïn�õ�ª5Cq�È¼ê, K d���{¡�pdÈ©{.

��È¼ê3È©«��f8þ5�ûÐ, 
3Ù¦f8þØ´éÐ�, @

oòÈ©«�©��ù
üÕ�f85�Ä kÏuJø�O�°Ý. g·A
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�{Ò´ÏL�È¼ê3f«mþ�5�5ÀJ©�«m.

R¥O���¼êê�È©�¼ê�integrate. Ù¦^È©g·A�{5

�OÈ©, 
�#NÈ©«��Ã¡.

~~~ 4 O�È© ∫ ∞
0

dy

(coshy − ρr)n−1

Ù¥−1 < ρ, r < 1, n ≥ 2��ê.

·�¦^R¥�¼êintegrate5O�dÈ©. é�½�ëê, 'Xn =

10, r = 0.5, ρ = 0.2 È©È©�´é�B�, X

↑Code
integrate(function(y){(cosh(y)-0.1)^(-0.9)},0,Inf)

↓Code

é?¿�ëê�, ·�I�¦^�ëê��È¼ê

↑Code
f <- function(y, N, r, rho) {(cosh(y) - rho * r)^(1 - N) }
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integrate(f, lower=0, upper=Inf, rel.tol=.Machine$double.eps^0.25,

N=10, r=0.5, rho=0.2)
↓Code

È©��6ëêρ��¹, �±ÏLã«5*	(e¡�½n = 10, r = 0.5)

↑Code
ro <- seq(-.99, .99, .01)

v <- rep(0, length(ro))

for (i in 1:length(ro)) {

v[i] <- integrate(f, lower=0, upper=Inf,

rel.tol=.Machine$double.eps^0.25,

N=10, r=0.5, rho=ro[i])$value

}

plot(ro, v, type="l", xlab=expression(rho),

ylab="Integral Value (n=10, r=0.5)")
↓Code
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~~~ 5, ���������'''XXXêêê���ÝÝÝ ���'Xê

R =

∑n
i=1(Xi − X̄)(Yi − Ȳ )

[
∑n
i=1(Xi − X̄)2

∑n
j=1(Yj − Ȳ )2]1/2

Pρ�oN�'Xê. K3(X1, Y1), · · · , (Xn, Yn), i.i.dN(µ1, µ2, σ2
1 , σ

2
2 , ρ)

b�e, ±9ρ = 0�, �±y²R��Ý�

f(r) =
Γ((n− 1)/2)

Γ(1/2)Γ((n− 2)/2)
(1− r2)(n−4)/2, −1 < r < 1

é0 < |ρ| < 1, R��ÝéE,, �«L«�{�

f(r) =
(n− 2)(1− ρ2)(n−1)/2(1− r2)(n−4)/4

π

∫ ∞
0

dw

(coshw − ρr)n−1

Ù¥−1 < r < 1.

Ïdd�XJ�O��Ý3�½:?��, Ò7LO�Ù¥�È©. ·�¦

^integrate¼ê5O��Ý��.

↑Code
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.dcorr <- function(r, N, rho=0) {

# compute the density function of sample correlation

if (abs(r) > 1 || abs(rho) > 1) return (0)

if (N < 4) return (NA)

if (isTRUE(all.equal(rho, 0.0))) {

a <- exp(lgamma((N - 1)/2) - lgamma((N - 2)/2)) /

sqrt(pi)

return (a * (1 - r^2)^((N - 4)/2))

}

# if rho not 0, need to integrate

f <- function(w, R, N, rho)

(cosh(w) - rho * R)^(1 - N)

#need to insert some error checking here in case

# the numerical integration fails

i <- integrate(f, lower=0, upper=Inf,

R=r, N=N, rho=rho)$value

c1 <- (N - 2) * (1 - rho^2)^((N - 1)/2)

c2 <- (1 - r^2)^((N - 4) / 2) / pi

return(c1 * c2 * i)

}
↓Code
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éρ�0, 0.5,−0.5xÑ�Ýã:

↑Code
r <- as.matrix(seq(-1, 1, .01))

d1 <- apply(r, 1, .dcorr, N=10, rho=.0)

d2 <- apply(r, 1, .dcorr, N=10, rho=.5)

d3 <- apply(r, 1, .dcorr, N=10, rho=-.5)

plot(r, d2, type="l", lty=2, lwd=2, ylab="density")

lines(r, d1, lwd=2)

lines(r, d3, lty=4, lwd=2)

legend("top", inset=.02,

c("rho = 0", "rho = 0.5", "rho = -0.5"), lty=c(1,2,4), lwd=2)
↓Code

1.4 Maximum Likelihood Problems

3R¥, ¼êmle^5¦4�q,�O, Ù¦^¼êoptim5éKéêq,¼

ê?1��z.
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~~~ 6 444���qqq,,,���OOO b�Y1, Y2 i.i.d ëê�θ��ê©Ù, ¦θ�MLE.

d~�±��θ�MLE�

θ̂ =
Y1 + Y2

2

e¡·�¦^mle¼ê5¦MLE. T¼ê�1��ëê�K�éêq,, Ï

dR�èXe

↑Code
#the observed sample

y <- c(0.04304550, 0.50263474)

mlogL <- function(theta=1) {

#minus log-likelihood of exp. density, rate 1/theta

return( - (length(y) * log(theta) - theta * sum(y)))

}

library(stats4)

fit <- mle(mlogL)

summary(fit)
↓Code
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,	, ��±3¼êmlep�½Ð©�:

↑Code
# Alternately, the initial value for the optimizer could

# be supplied in the call to mle; two examples are

mle(mlogL, start=list(theta=1))

mle(mlogL, start=list(theta=mean(y)))
↓Code

1.5 Optimization Problems

1.5.1 One-dimension Optimization

Nõ`z¯K�±=��Ï¦��¼ê��, Ïdd�uniroot¼ê�±^5

)û¯K. ¼ê nlm¦^Newtona.�{?1��5`z, ¼êoptimize´

��¡�ëY¼ê`z¯K
�O�, ¦^�7©��{±9­�����{

5�`z8I¼ê.
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~~~ 7 ������`̀̀zzz¯̄̄KKK ¦e¡¼ê����:

f(x) =
log(1 + log(x))

log(1 + x)

d¼ê�ã��

↑Code
x <- seq(2, 8, .001)

y <- log(x + log(x))/(log(1+x))

plot(x, y, type = "l")
↓Code

Ïd¦^optimize3«m(4, 8)þ5`zd¼ê

↑Code
f <- function(x)

log(x + log(x))/log(1+x)

optimize(f, lower = 4, upper = 8, maximum = TRUE)
↓Code
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optimize¼ê¦^�7©��{Ï¦���½ö���:. 8I¼êf�1

��µ�:��o´ x1 = a+ (1− φ)(b− a), ùp(a, b) = (lower, upper)±

9φ = (sqrt5 − 1)/2 = 0.61803, �7©�'~. 1��µ�:�x2 =

a + φ(b − a). ,�[x1, x2] S����Ò¬����ª����. Ïd«

m(lower, upper)��½k�U¬K�`z�(J.

↑Code
## "wrong" solution with unlucky interval and piecewise constant f():

f <- function(x) ifelse(x > -1, ifelse(x < 4, exp(-1/abs(x - 1)), 10), 10)

fp <- function(x) { print(x); f(x) }

plot(f, -2,5, ylim = 0:1, col = 2)

optimize(fp, c(-4, 20))# doesn’t see the minimum

optimize(fp, c(-7, 20))# ok
↓Code

~~~ 8 MLE: Gamma©©©ÙÙÙ b�x1, · · · , xn�lGamma(r, λ)¥Ä�

�i.i.d��, ùpr�/Gëê, λ��Çëê. ¦θ = (r, λ)�MLE.
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éêq,¼ê�

l(r, λ) = nrlog(λ)− nlog(Γ(r)) + (r − 1)
n∑
i=1

logxi − λ
n∑
i=1

xi, xi ≥ 0

Ïd, ��zd¼ê´�����`z¯K. �´d¯K�±=����`z

¯K:

∂

∂λ
l(r, λ) =

nr

λ
−

n∑
i=1

logxi = 0;

∂

∂r
l(r, λ) = nlogλ− n

Γ′(r)

Γ(r)
+

n∑
i=1

logxi = 0

ddüª�1�ª��λ̂ = r̂/x̄, �\�1�ª��

nlog
r̂

x̄
+

n∑
i=1

logxi − n
Γ′(r̂)

Γ(r̂)
= 0

Ïd`z¯K�du¦d�§��. l
MLEÒ´eã�§�)

logλ+
1

n

n∑
i=1

logxi = ψ(λx̄), x̄ =
r

λ
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Ù¥ψ(t) = d
dt
logΓ(t) = Γ′(t)/Γ(t)(R¥�digamma¼ê). Ïd �±¦

^uniroot5¦�ê�). e¡ér = 5, λ = 2�Gamma©Ù, ­Em =

20000gÄ�Ú ¦^uniroot¼ê¦)�L§. ��o(.

↑Code
m <- 20000

est <- matrix(0, m, 2)

n <- 200

r <- 5

lambda <- 2

obj <- function(lambda, xbar, logx.bar) {

digamma(lambda * xbar) - logx.bar - log(lambda)

}

for (i in 1:m) {

x <- rgamma(n, shape=r, rate=lambda)

xbar <- mean(x)

u <- uniroot(obj, lower = .001, upper = 10e5,

xbar = xbar, logx.bar = mean(log(x)))

lambda.hat <- u$root
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r.hat <- xbar * lambda.hat

est[i, ] <- c(r.hat, lambda.hat)

}

ML <- colMeans(est)

hist(est[, 1], breaks="scott", freq=FALSE,

xlab="r", main="")

points(ML[1], 0, cex=1.5, pch=20)

hist(est[, 2], breaks="scott", freq=FALSE,

xlab=bquote(lambda), main="")

points(ML[2], 0, cex=1.5, pch=20)
↓Code

1.5.2 multi-dimensional Optimization

3R¥,éõ�ëê�`z¯K, ¼êoptim¦^XNelder-MeadüX/�{,

Quasi-Newton�{, �ÝFÝ�{, box constraints`z�{Ú�[ò»�{

�é8I¼ê?1`z. �{Xe
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↑Code
optim(par,fn,gr=NULL,method=c("Nelder-Mead","BFGS","CG","L-BFGS-B","SANN"),

lower=-Inf,upper=Inf, control=list(), hessian=FALSE, ...)
↓Code

♣ ”Nelder-Mead”: üX/�{, %@�{, d�{�¦^8I¼ê��,

Ïdé­è, �´�Ý�ú.

♣ ”BFGS”: �61�Quasi-Newton�{��, dÙ�ö�¶i·¶:

Broyden, Fletcher, Goldfarb, Ú Shanno. Ù¦^¼êÚ�±9¼ê�FÝ

5�`z8I¼ê.

♣ ”CG”: �ÝFÝ�{. d�{��5ù�'BFGS�{yf, �´du

Ù3S�¥ØI��;Ý
, Ï
 3��`z¯K¥k��±¦^.

♣ ”L-BFGS-B”: d�{#N�Ñz�Cþ�����, ,�¦^k�S

�[Úî�{(limited-memory modification of the BFGS quasi-Newton).
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♣ ”SANN”: �[ò»(simulated annealing)�{��«C«. �[ò»

´�a�Å�Û�`z�{. Ù�¦^¼ê��, Ïd�é�ú. SANN�{

î­�6u��ëê.

~~~ 9 ¦^optim¦~8�MLE.

↑Code
LL <- function(theta, sx, slogx, n) {

r <- theta[1]

lambda <- theta[2]

loglik <- n * r * log(lambda) + (r - 1) * slogx -

lambda * sx - n * log(gamma(r))

- loglik

}
↓Code

optim¼ê%@´��z, Ïd·��`zK�éêq,. �±¦^Ý�O�

{�Ñëê� ��Ð©�, ùp{üO·��r = 1, λ = 1��Ð©�.

↑Code
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n <- 200

r <- 5; lambda <- 2

x <- rgamma(n, shape=r, rate=lambda)

optim(c(1,1), LL, sx=sum(x), slogx=sum(log(x)), n=n)
↓Code

Ú~8�(J�'�, ·��­Ed`zL§20000g, ��²þ�.

↑Code
mlests <- replicate(20000, expr = {

x <- rgamma(200, shape = 5, rate = 2)

optim(c(1,1), LL, sx=sum(x), slogx=sum(log(x)), n=n)$par

})

colMeans(t(mlests))
↓Code
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1.6 Linear Programming

3R¥, �±¦^boot�p�simplex¼ê|^üX/�{ ¦)���55y

¯K.

Objective min c′x

subjectto

Constraints Ax = b;x ≥ 0

~~~ 10 ¦)�55y¯K

max 2x+ 2y + 3z

subject to : −2x+ y + z ≤ 1

4x− y + 3z ≤ 3

x ≥ 0; y ≥ 0; z ≥ 0.
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¦^simplex¼ê¦)

↑Code
library(boot) #for simplex function

A1 <- rbind(c(-2, 1, 1), c(4, -1, 3))

b1 <- c(1, 3)

a <- c(2, 2, 3)

simplex(a = a, A1 = A1, b1 = b1, maxi = TRUE)

detach(package:boot)
↓Code

Ød�	, �kÙ¦�
¼ê5¦)�55y¯K:

↑Code
linp(limSolve) �55y

solveLP(linprog) )�55y/`z¯K

lpcdd(rcdd) ¦^°(O��{¦)�55y
↓Code
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